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On F(p,s)-Teichmiiller Space
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Abstract In this paper, we determine the differential of the Bers projection at the origin in the
F(p, s)-Teichmiiller space.
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1. Introduction

This is a continuous work of our previous paper [1], where we introduced the F(p,s)-
Teichmiiller space and investigated its Schwarzian derivative model and pre-logarithmic deriva-
tive model. In particular, we proved that the Bers projection is holomorphic. In this paper, we
shall determine the differential of Bers projection at the origin in the F'(p, s)-Teichmiiller space.
We start with some notations and definitions.

Let A = {z:|z| < 1} be the unit disk in the complex plane C and A* = {z : |z| > 1} be the
outside of the unit disk. For any a € A, set p,(z) = Z=%, z € A. For p > 2, and s > 0, the

1-az’

space F(p, s) consists of all holomorphic functions f on the unit disk A with the following finite

norm

1111, . = sup g [F'(2)P(1 = [2)P72(1 = |pa(2)|?)*dzdy < oo (1.1)

This space F(p, s), as a special case of F(p,q,s) which is introduced by Zhao [2], is a Banach
space.
An orientation preserving homeomorphism f from domain  onto f() is quasiconformal if

f has locally L? integrable distributional derivative on  and satisfies the following equation

== /”'(Z)fZ’
for some measurable functions p with ||u||s < 1. Here we use the notations
_L0f  of _1L0f of
f2_2(8x Zay)? f2_2(ax_lay)7

and the function p is called the complex dilatation of f (see [3] for more details).
The universal Teichmiiller space T is defined as T = M(A*)/ ~, where M (A*) denotes the
unit ball of the Banach space L>°(A*) of bounded measurable functions on A*. Let f, be the
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unique quasiconformal mapping whose complex dilatation is p in A* and zero in A, normalized
by
fu(0) = £,(0) =1 = f//(0) =0.

We say that two Beltrami coefficients iy and ps in M (A*) are Teichmiiller equivalent and denoted
by p1 ~ po if fu, (A) = fu, (A) (see [3-5] for more details).

Let s > 0. A positive measure A defined in a simply connected domain €2 is called s-Carleson
measure if
A = sup( A2 O D)

where D(z,7) denotes a disk with center z and radius r. 1-Carleson measure is the classical

12 €00,0 <1< oo} < oo, (1.2)

Carleson measure. We denote by CM,(Q2) the set of all s-Carleson measures on Q.
Here and in what follows, we assume that 2 < p and 0 < s < 2. Denote by M, ,(A*)
the Banach space of all essentially bounded measurable functions g each of which induces an

s-Carleson measure

Au(2) = (|Z||M(Zl))|ssdxdy € CM,(A™).

The norm of p € M, ;(A*) is defined as

1
=1 lloo HIANEE, (1.3)

where ||A,[lc,s is the s-Carleson norm of A, on A*. The F(p,s)-Teichmiiller space Tp(, ) is
defined as Tr(pq) = M) ((A*)/ ~, where M)} (A*) = M, ((A*) N M(A*). It should be pointed
out that F'(2,1)-Teichmiiller space is the BMO-Teichmiiller space [6-8], the limit case F(2,0)-
Teichmiiller space is the Weil-Petersson Teichmiiller space [9,10] and F(p,0)-Teichmiiller space
is the p-integrable Teichmiiller space [11-13].

The Bers projection ® is defined by seeding p € M(A*) to the Schwarzian derivative Sy, of
fu on the unit disc A. Recall that for a conformal mapping f on A, its Schwarzian derivative
Sy is defined as

Sy = (Ny) = 5(Np . Ny = (log ')

The Bers projection maps the universal Teichmiiller space into the complex Banach space B(A)

which consists of all holomorphic functions on A with norm
lells = sup [o(2)|(1 = |2[*)* < oo
zEA

It is well known that the map ® : M(A*) — B(A) is a holomorphic split submersion [4,5].

In [1], we proved that the Bers projection maps F'(p, s)-Teichmiiller space into the complex
Banach space N (p, s) which consists of all holomorphic functions f on A with the following finite
norm

f +2p— 1 |a|2)s
P P(1 2\s+2p 2( dxd 14
H ||]\7p,S 26upﬂ|f(2)| ( |Z| ) |1 — |25 xray, ( )

and ® : M, (A*) = N(p,s) is holomorphic. We note that a holomorphic function f € N(p,s)
if and only if [14]
[F(2)P(1 = [2]*)* TP~ 2dady € CM,(A).
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In this paper, we shall prove the following result.

Theorem 1.1 Let p > 2 and 0 < s < 2. The differential Dy® of Bers projection ® : M, (A*) —
N(p, s) at the origin is given by the following correspondence

—6 v(w
— — i*j 7(10 (_ ;)4dudv, (1.5)

which is a bounded mapping from M, ;(A*) to N(p, s).

2. Proof of Theorem 1.1

In this section, we shall prove Theorem 1.1. In what follows, C(-) will denote constant that

depends only on the elements put in the bracket.

Proof of Theorem 1.1 Let p > 2 and 0 < s < 2. We first show that the differential Dy® of
Bers projection @ : Mz},s (A*) — N(p, s) at the origin is given by the correspondence (1.5).

Let € M, (A*). We can choose € > 0 such that ¢y € M (A*) for all t < 2e. For simplicity
of notation, we use ((t) to denote the Schwarzian derivative Sy, . It is well known [5,15] that
B(t) is an analytic function of ¢ for every z € A and

9B(t)(2) 6 (w)
T|t:0 = —; J‘J‘ (Midudv

Note that the Bers projection @ : M} (A*) — N(p, s) is holomorphic [1]. It is sufficient to

show that the limit
. B(t) —B0)  9B(1)
L &y

exsits in N(p, s). In fact, for every a € A, the Cauchy formula and Fubini theorem yield

J‘J‘ ‘5(15)(2) ; 6(0)(2) _ 66@)(2) ‘t:0|p(1 _ |z|2)s+2p_2|<p;(z)|sdxdy
A

ot
- 2|§5P fj‘/| 25 S—t de ‘ |z|2)s+2p_2|<p:l(z)|sdmdy
<o ) ( /6| LCLC >|\ds|) (1= o)+ 22, (2)] dady
<@ Jf [ B~ o )y
@ | fA {18s) — [2?)*F2P 72|, (2)|*dudy]ds|
(o)t (2:2)

The assertion follows.
Now, we prove that the linear operator Do® : M, ;(A*) — N(p,s) is bounded. For any
¢ €0A and 0 < r < oo, let B(¢,r) = AND((,r)and B*(¢,r) = A*N D(¢,r), where D((,r) is
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the disk with center ¢ and radius r. Set

oo lw) 2 s
M) = g e P

jf ’jj dudv’ (1 — |z[*)*T?P~2dzdy

B(¢,r) A

<o [ (f AP (w) (1= [0 (] )1dudv)pdxdy+

|z —wl[*
B(r) B (C2r)
1/p
_ 1 P1
2 [ - s+2p—2( il A (w) ([l - ) dudv)ﬂ’dxdy
BEr) A\B(¢,2r) [ = wl
=2°(I1 + Ip).

Then

For any z € A, let D, = {w : |lw — z| > 1 — |z|}. Consider kernel function

(1= [[)* 7P (Jw| — 1)

|z —wl*

K(z,w) =

Then,

1_ 2 P1 oo 1
ﬂK 2, w)dudo < ﬂ A=l g < 1 - IzP)Q*m?w/ dr = Co,

|z — w|t—P
A similar argument gives that for any w € A*,

j K(z,w)dzdy < Cy.
A

It follows from the Schur’s theorem [16, Theorem 3.6] that the operator

IIK z,w) f(w)dudv

(2.3)

is bounded from LP(A*) to LP(A). Let g(w) = )\#/p('u))XB*(Cgr), where X g+ (¢,2r) is the charac-

teristic functions of B*((,2r). Thus,

ff ‘ j K(z,w)g dudv‘ dzdy < Cy ff lg(w)[Pdudv

=y ﬂ L dudo < Co|| Ao
B*(¢,2r)

(2.5)

We proceed to estimate I>. Since A,(w)dudv is an s-Carleson measure in A*, the Holder

inequality yields
() A @)auan)” < @2y [ du(w)dude <707 >,
B*(¢,r) B*(¢,r)

Thus, we get

o0 1/p 1\
J aospre (S g A,

B{{r) i=1 B~ (¢,27+17)\ B* (¢, 2i7)
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S 2z+1 2—py

<CslAulle [[ (1 =layet2- 2(2 4 S ) dedy

B(C.r) i=1
< Cal[Apller®. (2.6)

Combining (2.3), (2.5) with (2.6) gives [|[Do®||n(p,s) < [|[Aulls. The proof is completed. O

3. Some remarks

Let p > 2 and 0 < s < 2. We denote by fp(pys) the set of functions log f/, where f is
conformal on A and admits a quasiconformal extension to the whole plane C such that its
complex dilatation p satisfies

It is known [1] that fp(pﬁs) is a disconnected subset of the space F(p,s). Furthermore, T, =
{log f' € Tp(p7s) : f(A) is bounded } and Ty = {log f' € TVF(ES) : f(e) = oo}, 6 € [0,27), are
the connected components of fp(ns).

Let pu € M;S(A*) and zp € A*. We use f;° to denote the quasiconformal mapping on C
whose complex dilatation is g in A* and zero in A, normalized by

fu(0) = £1.(0) =1=0, fu(z0) =00
The pre-Bers projection mapping L, on M;S(A*) is defined by setting L., (u) = log(f:°)’". Then
Uzgear Lz (M) ((A%)) = fF(p75) N F(p,s)?, where F(p,s)? consists of all functions ¢ € F(p,s)
with ¢(0) = 0.
In [1], we proved that the pre-Bers projection L., : M, ,(A*) — F(p,s)° is holomorphic.

Analogous to Theorem 1.1, we obtain

Theorem 3.1 Let p > 2 and 0 < s < 2. The differential DyL., of pre-Bers projection
Loo : M) (A*) — F(p,s)° at the origin is given by the following correspondence

-2 v(w
— — Lj 7(2 E u)))?’ dudw, (3.2)

which is a bounded mapping from M, ;(A*) to F(p, s).

Proof For abbreviation, we use fi(z) to stand for fy,(z) for tu € M) (A*). Then fo(z) = 2.
Ahlfors and Bers [15] proved that for any fixed z, the function f;(z) is an analytic function of ¢

and
Ofi(2) B 1 I z—1
2 limo = Ful2) = Wﬂ(w_z e+ T u(w)dudv.

We denote t-derivative by a dot and z-derivative by a prime. Noting that f/(z)|t=0 = 1 and

f{(2)|t=0 = 0, we have

()i (2) = HE ()

4 e
fi(e) om0 = ek e

dt(
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=F)(2) = _72 Jj (ZV_(UZZ)SdudU.
A

By using the similar argument as in Theorem 1.1, we can prove that the differential DgL, of
pre-Bers projection Lo, : M) (A*) — F(p,s)? at the origin is %%h:o and it is a bounded
operator from M, ;(A*) to F(p,s). We omit the details. O

It is well known that there are holomorphic local right inverses (i.e., section) to the Bers
projections of universal Teichmiiller space [4,5] and BMO-Teichmiiller space [7]. Thus, it is

natural to ask the following

Problem 3.2 Whether there are holomorphic local sections to the Bers projection and pre-Bers

projection of F(p, s)-Teichmiiller space?
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