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Abstract In this paper, we consider the Liouville-type theorem for stable solutions of the
following Kirchhoff equation

M(/ |Vu\2d:c)Au =g(x)u™?, zeRY,
RN

where M(t) = a+ bt’,a > 0,b,0 > 0,0 = 0 if and only if b = 0. N > 2,¢ > 0 and the
nonnegative function g(z) € L, (RY). Under suitable conditions on g(x),# and ¢, we investigate
the nonexistence of positive stable solution for this problem.
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1. Introduction

In this paper, we are concerned with Liouville-type theorem for stable solution of the Kirchhoff

equation
M(/ \Vu|2dx)Au =g(@)u™9, xecRVN, (1.1)
RN

where M(t) = a+bt’ a > 0,b,0 > 0,0 =0 if and only if b =0. N >2,¢ > 0, g(v) € L (RY) is
nonnegative, the exact assumption on g(x) will be given latter. Such problem is often referred to
as being nonlocal because of the presence of the integral over the entire domain RV. When 6 = 1,
problem (1.1) is analogous to the stationary problem of a model introduced by Kirchhoff [1]. More
precisely, Kirchhoff proposed a model given by the equation
L
put — (% + % ; uidx)um =0, t>0, z€(0,L), (1.2)
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where p,pg, h, E, L are all positive constants. This equation extends the classical D’Alembert

wave equation. For the bounded domain €2, the problem

{ —(a+0b [, |Vul*de)Au = f(z,u), =€,

u(z) =0, z €9 (1:3)

is related to the stationary analogue of (1.2). Such nonlocal elliptic problem like (1.3) has received
a lot of attention and some important and interesting results have been established, see [2-5]
and the references therein.

Recently, much attention has been paid for Kirchhoff elliptic equation on RY. Li et al. [6]
studied the following problem

(a + )\/ (IVul? + buz)d:c>(—Au +bu) = f(u), zeRY, (1.4)
RN

where N > 3 and a, b are positive constants, A > 0 is a parameter. They proved the existence of
a positive solution to problem (1.4) with small A € [0, o). Fan and Liu [7] studied the existence

of multiple solutions for the Kirchhoff equation
(a+n / (IVal? + V (@)u?)dz) (~Au + V(@)u) = f(z,0) + g@)ul*2u, z€RY,  (15)
RN

where > 0 is small, N > 3,1 < ¢ < 2,a > 0, and the potential function V(z) € C(RY)
satisfying inf,cpy V() > 0 and meas({z € RY¥|V(z) < M}) < oo for each M > 0. This
assumption guarantees that the embedding W12(RY) — L*(RY) is compact for each 2 < s < 2*.
For problem (1.5), the function f(z,u) verifies |f(z,t)] < C(1 + [t|P~1), limy_ot~1f(t) = 0,
lim¢ oo t 71 f(t) = 00, and ||g|l4(¢" = 2%/(2* — q) is small.

Li and Su [8], Nie and Wu [9], also considered problem (1.5), where the potential V (z) is
radially symmetric function. The other class of potential V(x) € C(RY) satisfying

0< Vo= inf V(z) < lim V(z) = sup V()= Vo < 00 (1.6)

zeRN |z]— o0 ZERN
has also been studied, see [10-12] and the references therein.
We note that, in the above works, one always assumes that the potential function V' (z) > 0
and V(z) # 0 in RV,
On the other hand, the nonexistence and stability of solutions to nonlinear partial differential
equations also have been studied in recent years. We refer the readers to [13-21] and the references
therein. It is worth pointing out that for the singular elliptic equation (1.1), Ma and Wei in [20]

obtained:
Theorem 1.1 Let ¢ >0, g(z) =1 and M(t) =1 in (1.1). Moreover, if

4
2§N<2+m(q+\/q2+q), (17)

then there are no stable positive solutions to (1.1) in R,

Remark 1.2 Obviously, if 2 < N < 10, then (1.7) implies that

4N —4+42V/N —1)
(N—2)(N—10)

q>po:=—1—
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Motivated by [18,22,23], we will study the nonexistence of positive stable solution of (1.1). We
now introduce the main results in this paper.

As in [24], let X = DL2(RY) be the completion of the space C§°(RY) endowed with the
norm of |[ul|x = (fpw |Vu|?dz)!/2. Then there exists a positive constant S such that

(/RN |u|2*dm) v < S(/RN |Vu|2d:v)l/2, or ||u

which is called the Sobolev’s inequality in [25], where 2* is the Sobolev critical exponent.

o < S||u||x, Vue X (19)

Now we consider the energy functional of (1.1) Z: X — R defined by

204, 1 1-qq 1.10
sl = [ st (1.10)

It is well known that if v € X is a weak solution of (1.1), then for any ¢ € X, the function
E(t) = Z(u + t¢) satisfies E'(0) = 0, that is,

E'(0) = T'(u)¢ = (a + b||u||§§) /RN Vu - Vedz + /RN g(z)u9¢dz =0, Y¢eX.  (L11)

As in [13], we say that the positive solution u of (1.1) is stable if E”(0) > 0. A routine calculation
shows that

() - B(O0) _ T+t T ¢ blut i3 1) [ o oeaen
t t t RN

(@bl €3 [ 19CPar+ 1 [ @+ t0)70 — g (112)

a
T(w) = Sllull% +

and

E'(t) - FE _ 2
E"(o):an=2w||u||§§9 b /vu-vgdx) +
RN

i—0
a -+ bljul|¥ / |V¢|Ade — q/ g(x)u ¢ da. (1.13)
Set Q. (¢) = E”(0). We now define stability as follows.
Definition 1.3 A positive weak solution u € X of (1.1) is stable if Q,(¢) > 0 for any ( € X.

Remark 1.4 The quadratic form @, is called the second variation of the energy functional
Z. Then, the stability condition translates into the fact that the second variation of the energy
functional is non-negative. Thus, all the minima of the functional Z are stable solutions of (1.1),
see [13].

Remark 1.5 If u € X is a stable positive weak solution of (1.1), applying Holder inequality
and (1.13), we deduce that

q/ g(x)u= 1" ¢de gA/ |V¢2dr, V(e X (1.14)
RN RN
with

A=a+b(1+20)|ul3. (1.15)

Throughout this paper, we give the following assumption on g(z).
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(Hi) g(x) € LL .(RY) is nonnegative in RY. Moreover, there exist k > —2 and Rp,co > 0

such that g(x) > colz|*, V|z| > Ro.

Our main result can be included in the following theorem:

Theorem 1.6 Let (H,) and M(t) = a + bt?,a > 0,b,0 > 0 hold, § = 0 if and only if b = 0.
Assume that one of the following conditions is satisfied:
(Hz) 6 >0 and N =2, q > 0;

(H) 0<0<3and2 <N <2+2280 5 o

(Hy) 6 > % and2<N<2+4ﬁJ;Z), q > Bo;
(Hs) 0> 3 and N =2+ 2280 ¢ 4.
(Hs) 0> % and 2 + 2240 < N < 94 OHVIEIEER) 5 g < ),
where
202+ k)N —4—k+ /(N + k)2 — (N —2)2(1 +20)]
ap=—1-— . (1.16)
(N =2)[(N —2)(1+20) —4(2 + k)]
By —1— 22+ k)N —4—k++/(N+k)2— (N —2)2(1+20)] (L.17)
° (N =2)[(N —2)(1+20) — 4(2 + k)] ' '
22+ k)N —4—k+ /(N +k)2— (N —2)2(1+ 20)]
Br2=-1— : (1.18)
(N = 2)[(N —2)(1+20) —4(2+ k)]
Then (1.1) has no positive weak stable solution.
Remark 1.7 (i) If § = 0, we obtain
224+ k)N -4—-k 2N -2+ k)(2+k
g = 1 22+ R +/( + k)2 + k)] (1.10)
(N —2)(N — 10 — 4k)
Then ayp is equal to the exponent p(N, «) in [26].
(ii) If @ =0, k = 0, we obtain
ho— ANt 2/N-T) (1.20)

(N —2)(N - 10)
Then ap is equal to the exponent g.(2, N) in [27] and ag = pg, where py is the critical exponent
(1.8) and coincides with that in [20].

2. Proof of Theorem 1.6

To prove the nonexistence of positive weak stable solution of (1.1), we use the test function
method, which has been used in [18,22,23]. Since Kirchhoff equation (1.1) is nonlocal, some
modification in choosing test functions is necessary.

We first establish the following lemma.

Lemma 2.1 Letu € Cllo’cw(]RN) (0 < w < 1) be a positive weak stable solution of (1.1) with
g > 0. Then for every v € (v(q), —1), where

1420+ 2t 4+ 24/t(t+1+26)
= 2.1
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and for any constant m > %7 there exists a positive constant C' depending on q,7v, m,a,b,0
such that

2(g=v)

AN<9<w>u”‘q+ [Vu*ur )" dw < CATH /RN%)Z%W e, (22)

where () € C(RY) is any nonnegative function with 0 < p(z) < 1 and A is given by (1.15).

Proof Let u € CL“(RY) (0 < w < 1) be a positive weak stable solution of (1.1) and y < —1.

loc

Choosing ¢ = uY? as a test function in (1.11), we obtain

|7|A1/ |Vu|2u7_1cp2dx§2A1/ |Vu\|V<p|u'y<pdx+/ g(x)u " 9pda, (2.3)
RN RN RN

where A; = a + b||ul|%?. Applying Young’s inequality with any € € (0,1), we get

2/ |Vu||Vap|u7g0dx§5/ \Vu|2u”_1<p2dx+01/ |Vl ?uda. (2.4)
RN RN RN

Here and in what follows, we denote by C; a positive constant depending on ¢ and ¢, v, 0.
Combining (2.3) with (2.4) enables us to deduce

(Iv| = E)Al/ |Vu2u" "t plde < / g(x)u"%dx + C1A1/ |V|?ur T dz. (2.5)
RN RN RN
On the other hand, using the stability assumption with { = uWTHgo in (1.14) yields
1 2
q/ g(x)u""1p%dx SﬂA/ \Vu|2u7_1<p2dx+A/ |V ?u  da+
RN 4 RN RN
(1+|7\)A/RN|VuHV<p|u'Vgodx. (2.6)

By Young’s inequality, it follows that
(1+ |7\)/ |Vu||Volu”pdz < E/ \Vu\Qu"’_lgonx—i—C’g/ |Vl ?uda, (2.7)
RN RN RN
where ¢ coincides with that in (2.4). Plugging (2.7) into (2.6), we can deduce
1 244
q/ g(x)u’ " 9p3dr < wﬁl/ |Vu|2u7*1g02dz+CgA/ |Vol|2u T dz.  (2.8)
RN 4 RN RN

Furthermore, from (2.5) and (2.8) we have

[(147)% +4¢]A

q/ g(x)u"1pdx < / g(m)u”fqude—&—CﬁA/ |Vl u"dz
RN RN RN

Ay — ) A
1 2 4 4e)(1+2
< [( +7) + 5]( + 9)/ g(m)u”‘qgo2dm+C4A/ |V<p|2u7+1d:v, (29)
4]y —¢) RN RN
that is
o [ o tar< oo [ VePetia, (2.10)
RN RN
with

14+~)2 4+ 4¢](1 + 20 . 14+ ~)2(1+ 26
g P Ao (149)20426)

2.11
CED S, i @11)
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Thanks to v € (7v(¢q), —1), go > 0 holds, where «(¢) is defined by (2.1). Thus, we can select
sufficiently small € > 0 such that g. > 0.
Applying (2.10) and (2.5), we conclude that

/ |Vu|>u" "t pde < C’5/ IVe|2u T da. (2.12)
RN RN
Now we claim that (2.2) is true. In fact, we can choose some constant m large enough satisfying
— 1) (v — —
m-D0-9 s T (2.13)
v+1 qg+1
By virtue of 0 < ¢(z) <1 in R¥, one can achieve
2(m=1)(y—a)
(@) T < @), Vo eRY. (2.14)
Replacing ¢ in (2.10) with ™ and utilizing the Holder inequality, we arrive at
/N g(x)u”*qudea: < CGA/N \V<p|2<p2(m*1)uw+1dx
R R
(m-DG—a) |\ Tig 1 a-m |\
< C6A(/ g(a:)uv_qg; lerlaY dx) (/ g(x)%|vsp| 2q+1 dl‘)
RN RN
y+1 g+1
—q a1 (=7 . \a—
< C(;A(/ g(a:)uv_qgom”dx) (/ g(x) i |V<,0|2f1+17 dx) : (2.15)
RN RN
Consequently, we obtain
a— ol (a—v)
/ g(2)u " Ip*dx < Cr AT / g(x)q%% [Vl A da. (2.16)
RN RN

Analogously, with ¢ replaced by ¢™ in (2.12), it follows from (2.12), (2.15) and (2.16) that

/ IVU‘QU"/_lgDde.’L‘ < 08/ ‘V¢|2¢2(m—1)uy+1dx
RN RN

SCQA?FTY/ g(2) 5 |V "5 de. (2.17)
RN

Combining (2.16) with (2.17) enables us to deduce (2.2). The proof is completed. O

Proof of Theorem 1.6 Define ¢g(s) € C3[0,+00) with

1, 0<s<1,
Po(s) = (2.18)
0, s>2.

Let o(x) = 900(%) for R > Ry, where Ry is given in (H;). Obviously, ¢(z) € C}H(RYM) with
0 < p(x) < 1. A direct calculation shows that there exists C' > 0 such that |Vp(x)| < CR™1,
& € Bop \ Br and |V(z)| =0, z € BR U Byg, where B, = {z € RN : |z < r}.

Suppose on the contrary that (1.1) admits a positive weak stable solution, then utilizing the

assumption (H7) and the estimate (2.2), we have

/g(a:)u"fqu%‘dx—k/ |Vu2u? "t p*™de
RN RN

a—vy _—2(a—7) k(y+1)
< CATT R a1 / |x| " eFT da
R<|z|<2R
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< CA RN (2.19)
where C' denote various positive constants.
Set
2(¢—7) —k(v+1)

:N—
r g+1

(2.20)

Obviously, if p < 0, passing to the limits as R — +oo in (2.19), we deduce a contradiction.
Next, we are devoted to choosing some appropriate v such that p < 0. To do this, we define the

function

hit) = 2= W)l - ];Mt) s, (2.21)

where ~(t) is given by (2.1). A direct calculation leads to

. _ ’ ; — _
tgrél+7(t) =-1, 7'(t) <0, t>0, tginoo ~(%) 00, (2.22)
and
. . A2+ k)
=2< = LA :
tl—l>r(r)1+ ht)=2<N, tBHlm h(t) =2+ 1+20° (2:23)
24+ k)(2/t(t+1+20)+1+20+t(1—20
h’(t):(+)< (t+1426)+1+20+4 )), t>0. (2.24)

(1+20)\/t(t + 1 + 20)(t + 1)2

A routine calculation shows that if 0 < 6 < 2, then h(t) is strictly increasing on (0, +00); if 6 > 3,

1+29+2\/1+20) 14260421426 —|—OO)
20—3 ’ .

then h(t) is strictly increasing on (0, and strictly decreasing on (=555

V1720 14+V1726)(2+k 4(2+k
Moreover, h(HH20E2VIE20) — 5 4 ( J”/T@)( ), h(ggeg) = 2+ £++29)'

Therefore, if N = 2 and 6 > 0, then N < h(t), Vt > 0. So if we fix v € (y(t), —1) suitably

near ~y(t), we obtain

N < 2<t771;f(7+ b, (2.25)

Letting R — +o00 in (2.19), we get a contradiction.
f2<N<2+ 48;5];) and 0 < 0 < %, by the properties of the function h(t), there exists a
unique ag > 0 such that N < h(t), t > ap. From this, taking R — 400 in (2.19), we deduce a

contradiction. Clearly, ap may be deduced from the equation N = h(q), which is given in (1.16).

f2<N<2+ 48_2{;) and 6 > %, by the properties of the function h(t), there exists a unique

Bo > 0 such that N < h(t), t > fo. From this, letting R — +o00 in (2.19), we get a contradiction.
Clearly, 8y may be deduced from the equation N = h(q), which is given in (1.17).

IfN =2+ 43_2’;) and 6 > %, note that h(t) > h(ﬁ) =2+ 4&‘;:), t > 294_3, we have

N < h(t), t > 574. From this, letting R — o0 in (2.19), we get a contradiction.

Assume now 2+ 4&2’;) < N < 24 UHVI+20)@+k) V1+2209)(2+k) and 0 > %, by the properties of the function

h(t), there exist 812 > 55— such that N < h(t) for f; < ¢ < ;. From this, letting R — +o0 in

(2.19), we get a contradiction. Clearly, 81 o may be deduced from the equation N = h(q), which

is given in (1.18). The proof of Theorem 1.6 is completed. O
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