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Abstract In this paper, the differentiability of interval valued function is discussed by using
the idea of total differential of real valued function, the concept of D-differentiability of interval
valued function is established and some basic properties are given. By discussing the optimality
condition of unconstrained interval programming, the necessary conditions for obtaining the
optimal solution of a class of constrained interval valued programming with real valued function
constraints are given. Meanwhile, the sufficient conditions for obtaining the optimal solution are
given for the convex interval value programming problem with real value function constraints.
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1. Introduction

Since the operation theory of interval number was firstly proposed in 1966 by Moore [1], the
interval number theory and its application have been improved greatly with a lot of researchers’
effort. Specially, various concepts of differentiability about interval valued function on the foun-
dation of optimal theory and differential equation theory [2-9] of interval valued function are
imported.

There are two methods to define the differentiability of interval valued function. The first one
is H-derivative which is given by H-difference from the nonempty subset in real number space
to the interval valued function in interval number space, and H-partial derivative which is given
from the subset in n-dimensional Euclid space to the interval valued function in interval number
space [8-10]. The second one is gH-derivative which is given by g H-difference from the nonempty
subset in real number space to the interval valued function in interval number space, and gH-
partial derivative which is given from the subset in n-dimensional Euclid space to the interval
valued function in interval number space [8,9]. These concepts of differentiability only concern

about the changing rate of interval valued function in axis direction rather than other special
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direction. We built the concepts of H(gH)-directional differential and derivative in [11,12], and
proved that H(gH )-derivative and H(gH)-partial derivative are directional derivatives in axis
direction. At the same time, we introduced the concepts of D-directional derivative and D-partial
derivative in order to avoid the troubles brought by the difference between interval numbers. We
discussed the relationship between H-directional differential and D-directional differential, and
proved that H-directional differential leads to D-directional differential, whose reverse is not
always true by using example.

The optimal theory has wide applications as an important branch of mathematics. Because
of the uncertainty of some data and information, we use the interval number to express the
variation range of data or information in math programming [13-16]. KKT optimal condition,
which plays an important role in the field of optimal theory, has been researched for more than
one century. Wu studied the KKT optimal condition of convex interval valued programming
whose constrained condition is real valued function under the condition of H-differential [7-9].
Sing, Dar and Goyal [17] proposed the KKT condition of optimal problem whose target function
and constrained function are both interval valued function. Chalco-Cano, Lodwick and Rufian-
Lizana [18] and Singh, Dar and Kim [19] studied the KKT optimal condition of convex interval-
valued optimal problems whose constrained function is real valued function. Zhang, Liu, Li and
Feng [20] studied the KKT optimal condition of non-convex interval-valued optimal problem.

We are inspired by [21,22] and introduce the concept of D-differentiability to avoid the difficul-
ty brought by the difference of interval number. D-differentiability allows us to discuss the KKT
optimal condition of interval-valued optimal problem and enriches the theory of interval-valued
function. In Section 3, we build the concepts of D-differentiability and its gradient and pro-
pose the operation properties and characterization of D-differentiable interval-valued function.
In Section 4, we discuss the optimal condition of unconstrained interval-valued programming
whose target function is D-differentiable. In Section 5, we discuss the KKT condition of con-
strained interval-valued programming whose target function is D-differentiable. We also discuss
the optimal condition of interval-valued programming whose constrained condition is real valued

function.

2. Preliminary

We denote by [R] the set of all closed and bounded intervals in real line R | i.e.,
[R] = {a = [a,dl|a,a € R,a <7}

Let M be a nonempty subset in n-dimensional Euclid space R™. A mapping F' : M — [R] is
called the interval valued function. In this case F(z) = [F(z), F(z)], where F and F are real
valued functions defined on M satisfying F(z) < F(x) for any = € M.

For a = [a,a],b = [b,b] € [R] and k € R (k > 0), we define the operations of addition,
multiplication, scalar multiplication and partial ordering of interval numbers [9, 21]:

(1) a+b=[a+ba+b =[a+ba+b]

(2) ab = [ab,ab] = [min {@, ab, @b, 65} , max {@, ab, ab, EB}];
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(3) ka = [ka, Fal;

(4) a<bea<banda < b

(5) a<b<a<banda<b.

For a = [a,a], b = [b,b] € [R], define Dy (a,b) = max {|a — b|, [@—b|}, then ([R],Dg) is a
complete metric space. And for a,b,c € [R] and k € R , the following properties hold:

Dp(a+c¢,b+¢) = Dy(a,b), Dg(ka,kb) = |k| Dy (a,b).

For a; € [R] (i =1,2,...n), we define a = (a1, a2, ...,a,) as n-dimensional interval valued

vector in [R]. Let [R]™ denote the set of all n-dimensional interval valued vectors in [R]. For

a:(a17a27"'7an)7 b:(blvb27"'abn) S [R]na x:(mlvaa"'uxn)v y:(y17y27"'7yn) Ean

we define the following operations:

(1) a+b= (a1 +0bi,aa +ba,...,an+by);

(2) kx = (kxy,kxa, ... kx,)(k > 0);

(3) (z,a) = YL, wiai, M = (z,0) = Y1, i, W = (v,a) = Y _, x;a;, where
z; >0,i=1,2,...,n;a=(ay,09,...,a,), @ = (a1,a2,...,0,) €ER™, (z,y) = > 1" | Y.
Definition 2.1 ([8,10]) Let a,b € [R]. If there exists c € [R] such that a = b+ ¢, then c is called

the Hukuhara difference (H-difference) between a and b, denoted as ¢ = a — gb.

Proposition 2.2 ([12]) Let a,b € [R]. If H-difference a —p b exists, then
Dg(a,b+c¢) = Dy(a—pgb,c).
In this paper, for y € R™, the unit vector of y is denoted as y..

Definition 2.3 ([12]) Let F : M — [R] be an interval valued function. For x € M and y € R,
if there exits § > 0 such that x + hy. € M (z — hy, € M) for any h € (0,6), and there exists

a+ € [R] (a— € [R]) such that
lim Dy (F(z+ hye), F(z) + hay) _0, lim Dy (F(z), F(x — hy.) + ha_) _o,
h—0+ h h—0+ h
then F is right (left) D-differentiable in direction y at x, ay (a— ) is the right (left) D-derivative
of in directiony at x, and denoted as FP(x,y) = at (FP(z,y) = a_).
IfFP(z,y) = FP(z,y), then we say that F is D-differentiable in direction y at =, and denoted
as FP(z,y) = FP(z,y) = FP(z,y). And FP(x,y) is called the D-directional derivative of F in

direction y at x.

Definition 2.4 ([2,8]) Let F': M — ([R], Dy) be an interval valued function and
¥ = (29,...,2%) e M.
If F is H-differentiable at x°, then the gradient VF(z°) of F at 2 is defined by
VF(2°) = ((0F /0z1)(x0), (OF /0x2)(20), - - ., (OF /0, (20)).

In this paper, we denote the gradient given in Definition 2.4 by VFH (20).
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Definition 2.5 ([16]) Let M be a nonempty convex subset of R™ and F be an interval valued

function on M. We say that F' is convex on M if
FAz+ (1 - XNy) <AF(x)+ (1 -\ F(y)

for any xz,y € M and X € [0, 1].
It is easy to obtain that F is convex interval valued function on M if and only if F and F

are both convex real valued function on M in [16, Proposition 2.2].

Lemma 2.6 ([23])(Gordan Theorem) Let A be an m x n matrix. The inequality AT < 0 has a

solution if and only if there is nonzero and non-negative y € R such that ATy = 0.

3. Differentiability of interval valued function

For 20 = (29,29,...,2%) | = (21, 72,...,2,) € R™ | let
(x—a%)" = (w1 =) " (w2 —23) ", (n —2D) "),
(€ —2%)7 = (&1 —2Y) (w2 —23) ..., (20 —a7) ),
where
(z; — 29)+ = { gj_z?’ zzizz (i=1,2,...,n),
0 0
(2 —2%)~ = { g — iiio (i=1,2,...,n).
Then

r—a2° = (z—2°)" - (z — 2%~
and for A > 0, we have
Mz — 2T = Mz — 2D, ANz —2)" = Mz —20))".
Definition 3.1 Let F': M — ([R], Dy) be an interval valued function,
2% = (29,25, ...,2%) € int M.
If there exists a = (a1, az,...,a,) € [R]™ such that

Dy (F(x) + (= 2°) ", a), F(*) + ((z —2°) ", a))

lim =0
z—x0 d($7.'170)
for any x = (x1,T2,...,2,) € M, then F is D-differentiable at x°, and (ay,as,...,a,) is the

D-gradient of F at x° which is denoted as VFP (2°) = (a1, aa, . .., a,).
Example 3.2 The interval valued function F : M — ([R], D) is defined by

F(z) = [l = L, ||| + 1],z = (21,22, 2,) €R™
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Since f(z) = ||z||? is a differentiable function from R" to R and f/(z) = 2z; (i =1,2,...,n),

for 20 = (29,29,...,29) € R", we have
f(z )+ Z 229 ( ) + o(d(z, z"))
ie.,
N i ) o R Y
T—T0 d(x, z0)

= |E(@) = F(a°) + {( = 2°) 7, 2°) — (& — )", 227)|

n
2 2
= llll* = [l«°) =2 (2 -
i=1

Similarly, we can obtain that

Fla) + {(@ - 29)",22%) — F(°) + ((z — 2)%,23%)| = [llo]* = 2°)" = 2 (w; — a9)a?|

i=1

Thus we have

ey PrE(@) + (x —a°),23%), F(a°) + {(« ~ 20)",2z0))

z—x0 d(.’E,(EO)
2 2 2 2
- max {[lal® — o1 — 2350 (o1 — af)a] [l — a1 — 255 s — oot}
T abg0 d(z, z0)
2 2
i [lall® = 12%)* = 2527, (i — 29)a
) d(x,x9)

According to Definition 3.1, F' is D-differentiable at 2°, and VFP (2°) = (279,279, ...,230).

Theorem 3.3 Let F: M — ([R], Dg) be an interval valued function, 2° = (29,29,...,2%) . If

rn

F is D-differentiable at x, and for any y = (y1,y2,.-.,yn) € R™\ {0}, the H-difference

(&, VFP (%)) ~nlyc , VFP ("))

exists, then FP(2°,y) exists and FP(2°,y) = (y5, VFP(2°))— g (y;, VFP (20)).
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Proof For y € R™\ {0}, we have y. = (Y1, Y2¢,-- - Yne) € R™\ {0}. Thus there exists § > 0
such that z° + hy,, 2° — hy. € M, for any h € (0,0) and 2° = (29, 29,...,2%) € int M.
Denote x = (x1,2,...,7,) = 2° + hy., then we have x — 2°(h — 07),

hyie = x; — 20 (Yie = HyTiH’i: 1,2,...

Let F be D-differentiable at 2° , VFP(2°) = (a1, aq, ... ,a,) and H-difference
(v, VEP (2°) =y, , VFP ()

exist. Then
Dy (F(2° + hye), F(2°) + h({yd, VFP (2°)) —n (yo , VFP(2°))))

lim

h—0t h

i D@+ ) + g VFP ), Fa®) + by, VFP (@)
h—0t h

o Da(EG) 4 (@ = 20) T VEP ), F®) + ((z — 297, VFP (a0)))
x—xo d(a:o,l')

=0.

So FP (2% y) exists, and
F+D(x0’ ) <ye 7VFD( )>_H<ye_7VFD(xO)>'
Likewise we denote z = (z1,Z2,...,T,) = 2° — hye, then x — 2° (h — 07),

Z hyze = theH = h.
i=1

hyie:x?—xi(i: 1,2,...,n), d(x,:co) =

We can also obtain the existence of FP(2°,y) and
F2(2%y) = (g, VP (2°) =y, VFP (2?)).
Therefore, FP(2°,y) exists and
FP(ay) =yl VFP (@) —n(y , VFP (). O

Corollary 3.4 Let F: M — ([R], D) be an interval valued function, 2° = (29,29,...,2%) . If

rn

F is D-differentiable at ¥, and VFP (2°) = (a1, as, ..., a,), then FP (2% ¢;) = a; (i = 1,2,...,n).
Proof Let y=¢; (i=1,2,...,n) in Theorem 3.3. Then
(&, VFP () —m(ys . VFP (%)) = (e;, VFP (2")) = (0, VF P (2°)) = a; € [R].

Thus FP(2% ¢;) =a; (i=1,2,...,n). O
By using Corollary 3.4 and Theorem 3.3 and Example 3.2, we can obtain the following

corollary.

Corollary 3.5 Let F : M — ([R], Dy) be an interval valued function, 2° = (29,29,...,29).
Then
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(1) IfF is H-differentiable at 2°, then F is D-differentiable at z°, and VFP (2°) = VFH (29).
(2) If F is D-differentiable at x°, then F is not necessarily H-differentiable at z°.

Theorem 3.6 Let F, G : M — ([R],Dpy) be two interval valued functions. If F and G are
D-differentiable at 2° € int M, then \F (A > 0) and F + G are D-differentiable at 2°, and
VAF)P(2°) = AVFP (2°), V(F + G)P(2°) = VFP(2°) + VGP (2°).
Proof (1) Let F be D-differentiable at z°. Then for any z = (1, 2, ...,2,) € M, there exists
a = (a1,az,...,a,) € [R]™ such that
- Dy(F(@) + (@~ ) a) @)+ ((a— ") .a)
z—xz0 d(iL’, ’130)

And for any A > 0,

=0.

Dr(AF(x) + (& — 2°) ", Aa), A\F () + (& — 2°) ", Aa))

lim

z—x0 d($7-'150)
i APE(F@) + (@ = 2%) "), Fa) + (o =27 a) _ o
i) d(z0,z) '

Therefore,
V)P (2°%) = (\ay, Aag, . .., Aan) = Mai,ag, . .. ,a,) = A\VFP (2).

(2) Denote VFP (z0) = (a1, a9, ...,a,), VGP(2°) = (b1, ba,...,by,), then
Dy (F(x) + (& = 2°) ", a), F(2°) + ((x —2°) ", a))

xlggo d(z°, x) =
o DG+ (2 =20),0), Gl + {2 =29 0)
T—x0 d(.’EO,ZE) '

According to
Du(F+G)(z)+ ((z — 2% ,a+b),(F+G)(2°) + ((z — 2°)",a + b))

0 gwh—{rwlo d(z0, x)
. Dy(F(z z—297,a), F(z° x—x0+,a
< Jim H(F(x) + (( )d(xg,x)( ) +{( )a)
L DG+ (= a0 6), G0 + (e = a0 b))
x>0 d(x0,2) ’

we can obtain that
i PP+ G) (@) +(x =2 a+b),(F+G)(a°) + ((z - )" a+b))
o d(xo,x)

Thus F + G is also D-differentiable at 2°, and

=0.

V(F +G)P ("= (a1 +b1,a2 +ba, ... an +by,)
= (al,a2,...,an) =+ (bl,bg,...,bn)
=VFP %) +VvGP (). O
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Theorem 3.7 Let F': M — ([R], Dg) be an interval valued function, 2° = (29,29,...,29),
a=(a1,az,...,a,) € [R|". Then
VE(2?) = VFP(2%) = ey
VFD(IO):(al,ag,...,an)@ :(x ) (.’L‘ ) (217@27 Qn)
VF(2%) = VED(aD) = (a1, .., )
Proof Let VFP(2°) = (a1, as,...,a,) . Then
Di(F(@) + (a, (v = 2°) "), F(z°) + {a, (z = 2°)7))

li =0
g0 d(z, x0)
|E@)+r, (eie0)"a,~F@) -, (:-20) g,
. d(z,20) ) _
& lm max | peyrsn @ed) m-F0) -5, @imad) e 0
d(z,z9)
@) B -Sr, (ei—ada,|
A2 75 =0
TNy F@O-FE)-SL, @matym] _
z—x0 d(z,2%) o
o ) El@) - F(2%) = 350, (w5 — 2)a; = o(d(x, 2°
Fa) = F(2°) = 32i_, (21 — 2f)a; = o(d(z, 2°

VE(z") =

= :(Qf ) (Ql’g2? a@n) ) |:|
VF(I‘O) = (61,62, . ,an)

Corollary 3.8 Let F': M — ([R], Dy) be an interval valued function. If F is D-differentiable

at 2% € M, then

F(z) + (VFP ("), (x = 2°) ") = F(2°) + (VPF(2°), (x = 2°) ") + &(|w — 2°]),
where 6([lx — 2°l]) = [o(|lz — z°[)), o([lz — z°[])].

Proof Let F be D-differentiable at 2 € M. According to Definition 3.1, there exists

a= (a1;a2a"'aan) € [R]n
such that B N
i PEE (@) + {0, (z —a%) "), F(2°) + {a, (x —2°)")) ~0
o d(z, 20) '

According to the proof of Theorem 3.7, we have
F(2) + (g, (x = 2°) ") = F(a°) + (g, (v = 2°)") + o(d(x,2")),
F(z)+ @ (x—2°)7) = F°) + (@, (x — 2°)) + o(d(z, 2°)).
Therefore,
F(z)+ (VFP(1°), (z —2°) ") = F(2°) + (VFP (2°), (z — 2°) ") + 6(d(x,2°)). O

Theorem 3.9 Let M C R™ be an convex open set in R", and F : M — ([R],Dy) be a

D-differentiable interval valued function. Then F' is convex function if and only if

F(z) +(VFP(y),(x —y)") > Fly) + (VFP(y), (x —y)"),
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for any x,y € M.

Proof Necessary. Let F': M — (|[R], Dy ) be a D-differentiable convex interval valued function.
For x € M, VFP(z) = (a1,a2,...,a,) € [R]", according to Definition 2.5 we can obtain that
F(x) and F(z) are both differentiable convex real valued functions on M. And by Theorem 3.7
we have

VE(z) = (ay,as,...,a,), VF(x) = (a1,a2,...,0).

Thus by using the properties of convex real valued function, we can obtain that
E(z) > F(y) +(VE(z),2 —y), F(z) > F(y) + (VF(z),z —y).
This implies that
E(x)+ (VE(®),(x —y)") > E(y) + (VE(z), (x —y) "),
F(z) + (VF(x),(x —y)") = F(y) + (VF(2), (z —y)").

Therefore
F(z) +(VFP(x),(x —y)") > F(y) + (VF(y), (z —»)").

Sufficiency. Let
F(a?) + (VFP(z'), (2% = 2')") > F(a') + (VFP(a"), (2* - 1)),

for any 2,22 € M. And for \ € (0,1), taking y = Az! + (1 — \)2?, we know y € M. Thus for

b, 22,y € M, we have
F(zb) + (VFP(y), (' — y) ) > Fy) + (VFP (), (z' — ) "), (3.1)
F(2?) + (VFP(y), (@ — y) ") = F(y) + (VFP(y), (2> — ) ). (3.2)

By (3.1) and (3.2), we have

E(z') 2 F(y) + (VE(y),z' —y), (3.3)

F(z') > F(y) + (VF(y),z' — ), (3.4)
and

F(2*) > F(y) + (VE(y), 2> — y), (3.5)

F(a®) > F(y) + (VF(y),2* —y). (3.6)

Hence, considering the sum of formula (3.3) multiplied by A and formula (3.5) multiplied by
(1 =X), we have

AE(zh) + (1 = NE(2?) > F(y) + (VE(y), \a + (1 = N)a® —y)
EF(y) = F(\z' 4+ (1 — \)a2?). (3.7)

Similarly, considering the sum of formula (3.4) multiplied by A and formula (3.6) multiplied by
1 — X, we obtain
AF(zh) + (1 = N (2?) > FOa! + (1 — N)a?). (3.8)
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According to (3.7) and (3.8),
AF(zh) + (1 = N F(2?) > FOa! + (1 — \)z?).

So F' is a convex interval valued function on M. O

4. Optimality conditions for unconstrained interval valued programming

If F: M — ([R],Dg) is an interval valued function, the following problem
(INP) min F(z), € M

is called the unconstrained interval valued programming problems. Set M is called the feasible
set, and point x € M is called the feasible solution.

Since “<” and “<” are both partial ordering on [R], we may quote some concepts of solution
in multi-objective programming problems.

If 7 € M and there exists no x(# %) € M such that F(z) < F(Z), we call T the global
optimal solution of interval valued programming problem (INP) on M. If there exists an e—
neighborhood N(Z,¢) around T such that there exists no x(# Z) € N(Z,e) N M which allows
F(z) < F(T), we call T the local optimal solution of interval valued programming problem (INP)
on M.

Theorem 4.1 Let F: M — ([R]|, Dy) be a D-differentiable interval valued function at T. If

there exists direction d € R™ such that
(VEP(z),d%) < (VFP(z),d"),
then there exists 6 > 0 such that F(T + Ad) < F(z) for any A € (0,0).
Proof If F is D-differentiable at T, according to Corollary 3.8, we have
F(T + M)+ (VFP(@), (M) ") = F(@) + (VFP (@), M) 1) + 6(| Ad])-
Thus we have
E(T+ ) + MVE(®),d”) = E(T) + MVE(T),d") + o([|Ad]),

F(T + M) + MVF(T),d”) = F(Z) + \(VF(Z),d") + o(||\d])),

(@ + M) = E@) + \(VE®), )+ 20 (4.1)
F(T+ M) = F(T)+ \(VF(Z),d) + M]. (4.2)

According to (VFP(z),d*) < (VFP(Z),d™), we have
(VE(®),d") = (VE(@),d") = (VE(®),d" —d") = (VE(z),d) <0,

(VE(@),d") — (VE(z),d”) = (VF(@),d* —d~) = (VF(z),d) < 0.
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And by limy_, ”)‘—/\d” = 0, we can obtain that there exists § > 0 such that
Ad A
A(VEP(T),d) + LHA D) <o, \(vFP@), a) + LHA D) <o

for any A € (0,6). Thus by (4.1) and (4.2) we have
F(T+ M) < E(T), F(Z+ \d) < F(%).
So there exists § > 0 such that F'(ZT + Ad) < F(T) for any A € (0,4). O

Theorem 4.2 Let F': M — ([R],Dpy) be a D-differentiable convex interval valued function,
andT € M. If VFP(Z) = 0, then T is the global optimal solution.

Proof Let F: M — ([R], Dy) be a D-differentiable interval valued function and VFP (z) = 0.
Then for any x € M, we have

(VEP(z),(x —7)") = (VFP (@), ( —2)") = 0.
According to Theorem 3.9 we have
F(z)=F(z) + (VFP@),(z —7)7) > F(@) + (VFP@),(x - 7)) = F(T).
So T is the global optimal solution. [J

Definition 4.3 Let F': M — ([R], Dy) be a D-differentiable interval valued function, and
d € R™ be a nonzero vector. We say that d is the descent direction of F at T if there exists 6 > 0
such that F(Z + A\d) < F (%) for A € (0,9).
According to Theorem 4.1, d is the descent direction of F' at = if F' is D-differentiable and
(VFP(z),d*) < (VFP(z),d~) . And the set of all descent directions of F' at z is denoted as
Mp = {d|(VFP(z),d") < (VFP(z),d"),d e R",d # 0} . (4.3)

Definition 4.4 Let M C R" be a closed set and d € R™ be a nonzero vector, T € M. Then d
is the feasible direction of M at T if there exists ¢ > 0 such that T+ Ad € M for any X € (0,9).
Set of all the feasible directions of M at T is denoted as

Dy ={d|d#0,36 >0,YA € (0,0), T+ \d € M}. (4.4)
We call it the cone of feasible direction of M at T.

Theorem 4.5 Let F be a D-differentiable interval valued function at T in an interval valued

programming problem (INP). If T is local optimal solution, then Mg N Dp; = (.

Proof Suppose that there exists nonzero vector d € Mg N Dy, then d € Mp and d € Dyy.
According to (4.3) we have

(VEP(x),d) < (VFP(x),d").
So according to Theorem 4.1, there exists § > 0 such that

F(ZT + \d) < F(Z) for any X € (0,47). (4.5)
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On the other hand, according to (4.4), there exists d; > 0 such that
T+ Ad € M for any A € (0,03). (4.6)

Let § = min{d;,d2}. When A € (0,6), both (4.5) and (4.6) are established, which contradicts
that T is the local optimal solution. So My N Dy = 0. O

5. Optimality condition for constrained interval valued programming

Let F : M — ([R], Dg) be an interval valued function, G; : R™ — R (i = 1,2,...,m) be real

valued function. Then
(MINP) min F(x)
Gi(z) <0, i=1,2,....m

is called the constrained interval valued programming problem. Set
M ={z|Gi(x) <0, i=1,2,...,m}

is called the feasible set or the feasible field. Point = € M is called the feasible solution.

The constrained conditions which satisfy G;(Z) < 0 is called the inactive constraint at 7.
On the other hand, those which satisfy G;(Z) = 0 is called the active constraint at T. Let
I = {i|Gi(z) = 0}. Then when G; is differentiable real valued function,

Gy = {d|<Gl(f),d> <0, 7€ I},

which can take place of the cone of directions Dj; in Theorem 4.5.

Theorem 5.1  Suppose that T € M, F is D-differentiable, G; (i € I) is differentiable at T,
and G; (i ¢ I) is continuous at T. If T is the optimal solution of interval valued programming
problem (MINP), then Mr NGy = 0.

Proof According to Theorem 4.5, Mp N Dy; = () at .
Next we prove that G; C Dj;. Let the direction d € GG;. Then we have

(VG,(Z),d) < 0. (5.1)
Take H,(Z) = G;(Z), H;(T) = G;(T). Then interval valued function
H;,: M — ([R],DH)

is D-differentiable at 7, and
VH,(Z) = VH;(Z) = VG;(Z).

Thus by (4.7) we have

(VH(@),d") — (VH(@),d") = (VH,(7),d") — (VH,(%),d")

= (VG;(@),dT) — (VG4(@),d") = (VCy(T),d" — d~) = (VGi(T),d) > 0.
That is (VH;(T),d") > (VH(T),d") .

Likewise we can obtain (VH,(%),d*) > (VH;(Z),d™). So (VHP (z),d") > (VHP (z),d™).
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On the other hand, by Theorem 4.1, there exists d; > 0 such that
H;(T + A\d) < Hy(T), i € I for any X\ € (0,61).

So Gi(T + Ad) < Gi(T) =0 (i € I). Since G;(T) < 0 when ¢ ¢ I, by the continuity of G; (i ¢ I)
at T, there exists do > 0 such that G;(T + A\d) <0 (i =1,2,...,n) for A € (0,s).

Take 6 = min{d1,d2}. Then G;(T + Ad) <0 (i =1,2,...,m) for A € (0,6). That is T+ \d €
M. According to Definition 4.4 we have d € Dy;. So Gy C Dyy. Thus Mp NGy = 0. O

Theorem 5.2 Let T € M, F be D-differentiable, G; (i € I) be differentiable at T, and
G; (i ¢ I) be continuous at T. If T is local optimal solution of interval valued programming
problem (MINP), then there exists non-negative real number families w,w,,@o,@;,i € I which
are not all zero such that
wVE@)+ > w,VGi(T) =0, mVFE(@) + > @, VGi(T
iel iel

Proof Let T be a local optimal solution of (MINP). Then according to Theorem 5.1 we have
Mp NGy =10, ie., the following inequality systems

(VGi(@),d) <0 ] (VGi(2),d) <0
(VE(T),d) <0 (VE(z),d) <0

are both unsolvable. According to Lemma 2.1 we can obtain that there exists nonzero vector
w = (wy,w;, 4 € 1) >0, W= (Wy,w;,i €I) >0

such that
woVE(T) + Y w,VGi(T) =0, @ VF(T) + Y  w:VGi(T) 0
i€l el
Theorem 5.3 (KKT condition) LetT € M, F' be D-differentiable, G; (i € I) be differentiable
at T, G; (i ¢ I) be continuous at T, and { VG;(T)|i € I} be linearly independent. If T is a local
optimal solution of (MINP), then there exists two non-negative arrays w, (i € I) and w; (i € I)
such that
F(@)+ > w,VGi(T) =0, VF(@) + Y _ ©;VG;(T)

icl icl
Proof Let 7 be a local optimal solution of (MINP). Then according to Theorem 5.2 we can obtain
that there exists two different non-negative real number families wq,w’; (2 € I) and wg,w; (¢ € I)
such that

woVE(®) + Y ', VGi(T) =0, VF(Z) + Y & VGi(T

i€l el
Considering { VG;(Z)|i € I} is linearly independent, we know w, # 0 and @y # 0 (otherwise,
{VG;(Z)|i € I} would be linearly dependent because w’; (i € I) and @} (i € I) are not all zero).
Therefore, take

/ — .
=i

w,=—,1€l, w;=—
Wo 0
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Then w; (i € I) and @; (i € I) are two non-negative real arrays which allow

VE@) + Y wVGi(@) =0, VF(@) + Y @VG;(T) =0. O

i€l iel

Note 5.4 In Theorem 5.3, if G; (i ¢ I) is differentiable at Z, we can obtain the following KKT
optimal conditions
VE(®) =35 w;VGi(T) =0,
ﬂiGi (f) = Oa
w;Gi(T) =0,

Example 5.5 We consider the following interval valued programming problem:

min F(xq,x2) = a? + b2,
1+ 22 > 4,
121, 29 > 1,
where a = [x1 — 1,21 + 1], b = [x2 — 1,22 + 1] are interval numbers.

Then by using the addition and multiplication of interval numbers, we can obtain that

F(a1,a2) = [(21 — 1) + (22 — 1)%, (21 + 1)° + (22 + 1)?],
Gi(ry,22) =4 —21 — 22 <0,
Ga(z1,22) =1 —121 <0,
GQ(Il,l‘Q) =1 — X9 S 0.
So according to Theorem 3.7 we have
VEP(21,20) = ([2(z1 — 1),2(z1 + 1)], [2(z2 — 1), 2(z5 + 1)]),
VG1<.'1?1,$2) = (_17 _1)7
VGQ(IMI?) = (_170)a
VGs(x1,x2)

Il
—~
=

|

—_
~—

By (5.2), we know

(2(171 — 1),2(1‘2 —1
(2(x1 +1),2(z2+ 1

wolx1 — 1) =wa(xr — 1
wy(xg — 1) = ws( 1
w, >0, 1=1,2,3,
w; >0, 1=1,2,3,
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201 — 2 —w; —wy =0,

229 —2 —wy —wy =0,

201+ 2 — Wy —woe =0,

21 4+ 2 —wy — w3 =0,

& wi(rr+ax2—4)=wi(x; +22—4) =0,
wy(z1 — 1) =wa(z; — 1) =0,

ws(r2 — 1) =wsz(xze — 1) =0,

w, >0, i=1,2,3,

@ >0, i=12,3.

After some algebraic calculations, we can obtain that
(1) Whenz1=1,w; =wy=0, w3 =2(z2—1) > 0; Wy =we=0,w3 =2(z2+1) >0, 22 > 3;
(2) Whenao=1,w; =wz=0,w, =2(x1 = 1) 2 0; w1 =w3=0,w2 =2(z1 + 1) 20, 21 2 3;
(3) When z; # 1 and a9 # 1,

Wy =ws=0,w; =2(x1 —1)>0; Wy =ws=0,w01 =2(z1 +1) >0, x1 = x2,22 > 3.
i.e., the set of points which satisfy KKT conditions is three half-lines
1= 1u To > 37 To= 1u Ty > 37 1 = T2, T2 > 3.

Theorem 5.6 Let G; (i =1,2,...,m) be a convex real valued function and differentiable on
M, F be a convex interval valued function and D-differentiable on M. If T satisfies the KKT
conditions of (MINP), then T is the global optimal solution.

Proof Let F' be convex interval valued function and D-differentiable at * € M. Then according

to Theorem 3.9, for x € M we have

F(z) +(VFP(@), (z —7)7) 2 F(@) + (VFP(z), (z —7)").

Therefore,
F(x)+ (VE®@),(x - %)) > F(@) + (VE®), (z - 7)"),
F(z)+ (VF@),(x — %)) > F(@) + (VF(@), (x —7) 7).
So
F(x) > F(@)+(VE(Z),x —T), (5.3)
F(z) > F(z) + (VE(T), 2 — 7). (5.4)

Because T satisfies the KKT conditions, i.e., there exist two non-negative real valued arrays
w, (i € I) and w; (i € I) such that

VE@) + Y w,VG;i(T) =0, (5.5)
iel
VE(E)+ Y ©,VG;(T) = 0. (5.6)

iel
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Using (5.3) and (5.5) gives

F(x) > E®) - Y w,(VGi(T),z — 7). (5.7)
i€l
By (5.4) and (5.6), we have
F(x) > F(z) - > wi(VGi(T), — T). (5.8)
iel
Because G; (i =1,2,...,m) is convex real valued function, for ¢ € I, we have

Therefore,
(VG;(@),z —T) < Gi(z) — G;(T), i€l

Thus, by G;(Z) =0, G;(z) <0, we can obtain
(VG;(T),x —T) <0, 1€1.

By (5.7) and (5.8), we have
F(x) > F(T), F(zx) > F(7).

So F(z) > F(Z), i.e., T is global optimal solution of (MINP). OJ

6. Conclusion

The concepts of the differentiability of interval valued function include H-derivative (H-
partial derivative), H g-derivative (H g-partial derivative), H-directional derivative (H g-directional
partial derivative), D-directional derivative and so on. Because the H-difference does not always
exist, the generalization of H-derivative (H-partial derivative) using H g-difference is imported
which are called H g-derivative (Hg-partial derivative) and H g-directional derivative.

In this paper, we introduce the concepts of D-differentiability and its gradient by using the
method of total differential of real valued function. By discussing the relationship between D-
directional differential and D-differential, we point out that the gradient under the condition of
H-differential is equal to the gradient under the condition of D-differential, but its reverse is
not always true. The optimal condition of unconstrained interval valued programming, KKT
condition and the relevant example of interval valued programming whose constrained condition
is real valued function are given under the condition of D-differential. These results are more
general than similar results under the condition of H-differential (which are only discussed aiming
at convex interval valued programming).

In this paper, we take no account of the concept of H-difference or H g-difference, which
provides a new method for further research on interval valued programming. At the same time,
some conclusions in this paper build a good foundation for the research of KKT condition of
interval valued programming whose constrained condition is interval valued function and the
establishment of sub-differential theory of interval valued function under the condition of D-

differential.
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