Journal of Mathematical Research with Applications
Mar., 2024, Vol. 44, No. 2, pp. 170-186
DOI:10.3770/j.issn:2095-2651.2024.02.004
Http://jmre.dlut.edu.cn

New Upper Bounds for the Inverse of H-Matrices
Including S-SDD Matrices and Linear Complementarity
Problems

Yebo XIONG
Department of Mathematics and Statistics, Hunan First Normal University,
Hunan 410205, P. R. China

Abstract A partition reduction method is used to obtain new upper bounds for the inverses of
H-matrices and S-strictly diagonally dominant (S-SDD) matrices. The estimates are expressed
via the determinants of third order matrices. Numerical experiments with various random ma-
trices show that they are stable and better than the estimates presented in literatures. We use
these upper bounds to improve known error estimates for linear complementarity problems with
H-matrices and S-SDD matrices.
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1. Introduction

Linear complementarity problem LCP(M, ¢) consists in finding a vector 2 > 0 such that
Mz +q>0, 25 (Mzx +q) =0, (1.1)

or in proving that the problem has no solution. Linear complementarity problems are used
in Nash equilibrium point of bimatrix games, contact and free boundary problems for journal
bearing [1-3]. Tt is well known that an H-matrix with positive diagonals is a P-matrix, whose
principle submatrices are all positive. Moreover, the LCP (M, ¢) has a unique solution for any
g € R™ if and only if M is a P-matrix [4]. Later on, Chen and Xiang [5] gave a practical error
bounds for LCP(M, q) with a P-matrix M:

|z = 2"l < max [[(I =D +DM)™ loollr(@)]l oo, (1.2)

de0,1]"
where z* is the exact solution of the LCP(M, q), r(x) = min{x, Mz + ¢}, D = diag(d;) with

0 <d; <1. Since ||r(z)||s can be easily estimated, we focus on the bounds for

I—-D+DM) Y. 1.3
dg[l(gf]nll( + )l (1.3)
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Note that various estimation of norm bounds for inverse matrices can be found in [6-12]. The
error bounds of LCPs can be derived by using such estimates. Then one tried to present com-
putable upper bounds of (1.3) for matrix M belonging to various subclasses of P-matrices,
such as B-matrices [13-15], doubly B-matrices [16], B®-matrices [17], B-Nekrasov matrices [18],
S B-matrices [19,20], M B-matrices [21], Nekrasov matrices [22], S-Nekrasov and BS-Nekrasov
matrices [23], £-SDD matrix [24,25], H-matrices [26], QN-matrices [27], S-QN matrices [28].

As H-matrices with positive diagonals are P-matrices, then the related LCP(M,q) has a
unique solution with error bounds (1.2). Though Garcia-Esnaola and Pefia [26] has presented a
comparison error bounds of LCPs for H-matrices, it is not accurate for the H-matrix M with
positive diagonal matrix D such that the diagonal dominance degree is very small. In 2013,
Garcia-Esnaola and Pena [24] considered the LCP(M,q) with the matrix M being a X-SDD
with positive diagonals, and provided upper bounds of (1.3). After that in 2019, Wang and
Li [25] improved the results for S-SDD matrices in [24]. Actually, 3-SDD matrix is just the
S-SDD matrix, which belongs to H-matrix [29,30], defined as follows:

Definition 1.1 ([30]) Let A = (a;;) € C"*". If thereis a ) # S C N:={1,2,...,n} such that
for any i € S and j € S¢,
{ laii| > 7 (A),

(laiil = § (A))(Jag;| = r§" (A) > 17 (A)r (A),

where S¢ is the complement set of S via N, and
ri(A) == Y aigl, P (A) = Y lagl, (A = ) ayls

i#jEN i#jES i#jese
then A is an S-SDD matrix.

The diagonal dominance degree [31] is widely used in bounding the inverse of matrices and the
eigenvalues [32,33]. The known upper bounds for H-matrices [26] and S-SDD matrices [24,25] are
obtained by the fact that H-matrices and S-SDD matrix can be related to a strictly diagonally
dominant (SDD) matrix via a positive diagonal matrix [29,30]. However, the existing upper
bounds are not sharp when the diagonal dominance degree of the related SDD matrix are very
small. While if the partition reduction method in [15] is used to estimating ||A™! |« for S-SDD
matrix A, it is more accurate and stable.

In this paper, we would first recall the partition reduction method for estimating the SDD
M-matrices. While for any H-matrix A, there exists a positive diagonal matrix D such that AD
is an SDD matrix, then [[(AD)!||» can be well estimated, and we present the upper bounds
| A=Y s for H-matrices through the estimation of ||(AD)™!||. Furthermore, we use this upper
bound to obtain a new error bound of LCPs for H-matrix which seems to be more efficient
in random numerical experiments. In addition, S-SDD matrix is an H-matrix with explicit
expressed positive diagonal matrix, when our estimations are used for S-SDD matrix, new upper
bound and error bound for S-SDD matrices are proposed.

The rest of the paper are organized as follows: In Section 2, some basic definitions, lemmas

and associated theories are presented. In Section 3, we use the partition reduction method to
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obtain new upper bounds for H-matrix and S-SDD matrix and some random numerical examples
are presented to show the efficiency and accuracy of our results. In Section 4, we apply the new
obtained upper bounds for new error bounds for H-matrix including S-SDD matrices and some

random examples are presented.

2. Preliminaries

In this section, let us introduce notations, definitions and auxiliary results. If A = (a;;),
N = {1,2,...,n}, then the notation A > 0 (A > 0) means that a;; > 0 (a;; > 0) for all 4, j.
Consequently, we write A > B (A >0)if A—B >0 (A— B >0). Let R and C, denote the sets

of the real and complex numbers, respectively. Denote e, = (1,1,...,1)T € R™.

Definition 2.1 ([34]) A matrix A = (a;;) € C"*" is called a diagonally dominant (DD) matrix,
if

|aii| Z Ti(A), i€ N, (21)

and strictly diagonally dominant (SDD) matrix if the inequalities in (2.1) all hold strictly. Further
more, if there is a positive diagonal matrix D such that AD is an SDD matrix, then A is called

a nonsingular H-matrix.

Definition 2.2 ([34]) A is called a nonsingular M -matrix if it can be expressed as A = sI — B,
where B > 0 and s > p(B), where p(B) is the spectral radius of B.

Definition 2.3 ([34]) A matrix A = (a;;) is called an H-matrix if its comparison matrix

w1(A) = (a;j) is an M-matrix, where
N { la;], @ =J,
Gij = o,
—lai;|, i #J.
Lemma 2.4 ([35]) Suppose A is an H-matrix, then |A~Y] < {u(A)}~1.

Lemma 2.5 ([15]) If A = (a;;) € R™*™ is a nonsingular M -matrix such that Az <b, then

det A1) det A(™b)

r < ey
— " detA det A
Lemma 2.6 ([24]) Let A be an S-SDD matrix. Suppose W = diag(ws,...,w,) is a positive
diagonal matrix with
v, 1 €8
w; = y (2.2)
1, 1€ 8¢
where 0 < v € Ig, and
S59(A ajj| —r? (A
Ig = (maxrzi() min M% (2.3)

€5 Jag| —rP(A) jese  r7(A)
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lagi|—r§” (4)

S

assuming that if 5 (A) = 0, then

matrix.

= 400. Then AW is a strictly diagonally dominant

Remark 2.7 In general, the positive diagonal matrix W is not unique. For instance, for any

k € R, EW is also such a positive diagonal matrix.

3. Upper bounds for the inverse of H-matrices including S-SDD matri-
ces

In this section, we would present the upper bound of S-SDD matrices by partition reduction
method. Firstly, let us give some notations: Let N(aq, aq, ..., ax) be a partition of the set N such
that aq, as, ..., ar are nonempty subsets separated from each other. In particular, for £ = 3 we
have a; Uas Uaz = Nand a; Nag =0, oy Naz = 0, as Nag = @. In general, we denote by
B(Ny) the set of all partitions separating N into k parts. In addition, let AU®) (j € N, b € R?)
be the matrix obtained from A € R™*"™ by replacing its j-th column by b.

Lemma 3.1 ([15]) If A = (a;;) € R™*™, n > 3, is an SDD M-matrix, then

det S, det S(2et) det Se)
HA_1||<><> < min max (p.qr) (p.qr) (p,q,r) 7 (3.1)
N(a,a2,a3)€B(N3) ;DECU det S(p a,r) " det S(p a,r) " det S(p a.r)

r€a3

where

> Apj > Apj > Apj

JjEai jEa2 jEas
= Z Qgqj Z Qgi Z Qqi
S(nq’r) jEay QJ jEasz qj j€as “ (3'2)
Z Qrj Z Qrj Z Qrj
JjEar JEaz jEas

Theorem 3.2 Let A = (a;5) € R™™" be an M-matrix, and T = diag(ti,...,t,) be a positive
diagonal matrix such that AT is an SDD matrix. Then

[A™ oo <
det ST ¢2) det STZ) det ST )
min max{ 7@(]7) ,maxt 7(pqr),max ——_ar) (3.3)
N(al,az,ag)e‘n(N;;)Zgz; zeal det SquT) icas det STp,qr) i€as " det SquT)
reas
where
lapplty — 22 lap;lt; = 22 laplt; = 22 laplt;
pFjEay JEa2 JEas3
STip,qr) = — 2 laglt; lagglty = 32 lagslt; — 2 laglt; . (3.4)
poa, JEa qFjEQ2 jEas
= 22 lanjlt; = 2 larjlt; larelty = 32 larjlt;

JjE JEa2 r#jEas
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Proof Since A is an M-matrix, A~' > 0 and there exists a positive diagonal matrix T such
that AT is an SDD M-matrix. At first, let us consider the linear equation

ATz = ey, (3.5)
Y1
then when 0 <z = (AT) e, < | : |, one immediately gets:
Yn
Y1 t1y1
A~ le, <T =
Yn tnYn
Moreover,
tiy
A oo = [[A™ enl|oo < (3.6)
tnYn .

Recall the partition reduction method for SDD M-matrix. For any partition N(aq,as, as),
considering the equation (3.5), let x, = max;cq, {Ti}, Tq = Max;ca, {7}, and z, = max;ecq, {x;}.
Then

lapplty — 22 lap;lt; — 20 laplt; — 2 lap;lt;
pFjEaL JjEaz JjEas Tp
11> — > lagjlt; lagglts = 32 lag;lt; — > lagjlt; zq |
jEay qFjEQ2 jEas

1 — > larlt; = > larjlt; larrltr — >0 larjlt; Tr
jEa1 JEaz r#jEas

which by Lemma 2.5 illustrates that

det ST,)'¢3)
P,q,7)

l‘p det ST((;;,q,r))
€3
det ST %)) ) (38)
det ST((Z;,Q,T))
€3
Lr det ST(p,qﬂ')
det ST(p,q,r)

I3
=)
IN

Hence

(1,63)
det ST(IMLT)

< P 7
Tr = det ST(p,q,r)

det ST
(p.g,r)
< S%0an e, (39)
Ta = det ST(p,q,r) Le o

(3,e3)
det ST(WM)

< o)
e det ST(pq,r)

; LE g,

IN

Ti

, 1 € Qs.
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Then according to (3.6),

det ST, %) det ST det ST/ 7<)
A1 < t P,q;T t; p,q;T t P.ar) | 3.10
” HOO = Hax { Ilrelg)l{ ! det ST(p,q,.,.) ’ %i}; det ST(p7q7,«) ’ 1116123;( ! det ST(p,q,.,.) } ( )

At last, applying this method to all partitions of 3(N3), we obtain (3.3). O

Remark 3.3 In particular, if A is an SDD matrix, then 7" = [ is an identity matrix, and the
bound reduces to the result in Lemma 3.1. However, for any M-matrix, it is not easy to give an
explicit expression of the positive diagonal matrix, lots of the iterative algorithm for H-matrix
present the numerical positive diagonal matrix. Nevertheless, as long as we obtain the positive
diagonal matrix, we could apply the estimation in (3.3) to measure ||A7!||o for M-matrix.

By Lemma 2.6, the explicit expression of positive matrix W is proposed for S-SDD matrix
A such that AW is an SDD matrix. Then a new upper bound for S-SDD matrix is obtained.

Corollary 3.4 Let A = (a;;) € R"™" be an S-SDD matrix, and W = diag(ws,...,wy,) be a
positive diagonal matrix defined as that in (2.2). Then

A" oo
det SW1e2) det SW 22 det SW 2
< min max maxwii(p’q’r),maxwii(p’q’r),4 wii(p’q’r) ,
N(al,ag,ag)eq}(Ng)pgal i€y detSW(nq’,«) 1€ detSW(p7q7,«) i€ detSW(p7q7,«)
qc a2
réas
(3.11)
where
lapplwy, — 30 lapjlw; = 2 lapjlw; = > lapjlw;
pFjEay jEan jEas
SWipar) = - Z lag;|w; lagglwg —  >=  lag;lw; - Z |ag;|w;
” JjEa qFjEaz jEas
-2 |arj|wj - |arj|wj |arr|wr = 37 |arj|wj
JEa1 JEa2 r#jEas

For large H-matrices and S-SDD matrices A, we do not compute the bounds for different
partitions. Instead, we choose two partitions and compute the corresponding bounds in (3.3)
and (3.11). Such experiments are able to show the effectiveness and superiority of our method.

Besides, in numerical experiments, we will sort the row indexes from smallest to largest in order

of diagonal dominance degree for getting i1, 4o, ..., %,, and then present two partitions as follows,
e partition 1: a1 = {i1,d2,..., 0|2}, a2 = {i|z)41,... ’it%””J}’ az = “L%”HD ceyin}
[ partition 2: &1 = {il, i4, e ,igk,Q}, &2 = {ig,ig,, . ,i3k,1}, &3 = {13, iG, N ,i3k}.

In addition, for the positive diagonal matrix W = diag(ws, ..., w,) related to S-SDD matrix,

we just make the parameter

(3.12)
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For comparison, we recall some upper bound of ||A™!||« for H-matrices and S-SDD matrices
[36], respectively:

o If A = (a;;) € R"™" is an H-matrix with positive diagonal matrix D = diag(ds,...,d,)
such that AD is an SDD matrix, then

mkaxdk
JA oo < max . (3.13)
i agildi — 32 laijld;
J#i
o If A= (a;;) € R"*™ is an S-SDD matrix, then
ai;| — o (A) + ¥ (A
A7 oo < _min laul Zri7(A) + 7y (4) (3.14)

= seaaiesyese (Jaw| — 5 (A)) (lag] — o (A)) — o (A)rS (4)°

[ g [

Next, let us see some random numerical experiments for H-matrices.

Example 3.5 Let A = (a;;) € R**™ n > 4 be a random H-matrix generated by the following

matlab codes:
A = —randi([1,100],n,n), v = 0.2 4+ exprnd(3,n,1), R =sum(4’), d = 0.2 + rand(n, 1),
fori=1:n
A(i, 1) = R(i) — A(i, 1) + v(2);
end
A = A« diag(d).
Then A is an H-matrix with positive diagonal matrix D= diag(di17 ey %) such that AD is an
SDD matrix. In this example, we increase n from 4 to 100, and randomly generate H-matrices

with positive diagonal matrix. For each random H-matrix, we compute the upper bounds (3.13)

and (3.3), and plot the results in Figure 1.
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Figure 1 The estimations for ||[A™"||c of some random H-matrices

From the results in the picture, our bounds are sharper and stable, especially when the size
of the matrix is large, our results are still accurate and stable.

Next, let us consider the S-SDD matrix. Recall the numerical experiment in [36].



New upper bounds for H-matrices including S-SDD matrices and LCPs 177
Example 3.6 Suppose

92 -13 -21 -05 -—-33 -25
-16 85 —-03 —-27 —-1.1 -0.6
-03 —-43 98 —-12 —-05 -21
-1.7 =09 -25 78 —-03 -—-14
-29 -0.1 -2.1 —-13 88 2.1
-31 —-15 -02 —-16 —-07 76

then A is not an SDD matrix but an S-SDD matix with T'(A) = {1} and [|[A7!||. = 1.4663. By
simple computation, the subset S is in choice of {2,3}, {2,3,4}, {3,5,6}, {2,3,4,6},{2,3,5,6},
{3,4,5,6}, {2,3,4,5,6}, and the upper bounds computed by (3.14) and (3.11) are listed in Table
1.

S Moraca’s bound Our bound by partition 1 ~ Our bound by partition 2
{2,3} 4.4279 1.8548 2.6876
{2,3,4} 4.8824 1.7176 2.6914
{3,5,6} 178.5714 3.0007 36.2781
{2,3,4,6} 10.1905 1.9425 3.8217
{2,3,5,6} 26.8627 2.5912 11.1112
{3,4,5,6} 13.4483 2.5854 9.6983
{2,3,4,5,6} 9.8473 2.2415 5.6797

Table 1 Moraca’s bound and our bound for S-SDD matrix with different S

From the results in Table 1, it is obvious that our upper bounds are more accurate. Thus

this example illustrates that our results are sharper in some cases.

4. Error bounds of linear complementarity problem for H-matrices in-
cluding S-SDD matrices

In this section, we would apply the new upper bound for H-matrices and S-SDD matri-
ces to the error bound of linear complementarity problem for H-matrices and S-SDD matrix,
respectively.

Before presenting our error bounds, we recall a useful lemma.

Lemma 4.1 ([15]) Considering an SDD M-matrix

ail —a12 —a13
A= —a21 a22 —a23 |
—as;p —as32 a33

we set

I ) e det(I — D + DA)%e)
WY 2= T qet(I — D + DA)
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det(I — D+ DA)Be3)
h =
(2,9, 2) det(I— D 1 DA)
det(I — D + DA)Ze3)
h =
S(Zayvz) det(I—D+DA) )

where D = diag(x,y,2) and 0 < z,y,z < 1. Then
hi(z,y,z) < max{hy1(0,0,0),h1(1,0,0),h1(1,0,1),h1(1,1,0),h1(1,1,1)},
ha(x,y,z) < max{hs(0,0,0),h2(0,1,0), ha(1,1,0), ha(0,1,1), ho(1,1,1)},
hs(z,y, z) < max{hs(0,0,0),hs(0,0,1), hs(1,0,1),hs(0,1,1), hs(1,1,1)}.

As introduced in Section 1, we need to consider (1.3) when M is an H-matrix or S-SDD

matrix. At first, let us see some conclusions for I — D + DM if M is an H-matrix.

Theorem 4.2 Let M = (m;;) € R"™ "™ with positive diagonals be an H-matrix. Then

M =1—-D+ DM := (my;) is also an H-matrix, where D = diag(di,...,d,), 0 < d; < 1,
1<i<n.

Proof As M = (m;;) is an H-matrix, then there exists a positive diagonal matrix P =
diag(p1,...,pn) such that M P is an SDD matrix,

|m”|pz > Z|mij|pj, 1= 1,2,...,71. (42)
J#i

While considering M=1-D+DM := (myj), for any i € N,

[iilpi =D mijlp; =11 = di + madslp;s = |mijdilp;

i#i A
>|mi;|dip; — Z |mij|dip; (4.3)
i#i
=d;(|miilpi =Y |mij|p;)
#i
>0. (4.4)

It is worthy to point out that the equivalence in (4.3) holds if and only d; = 1, and the equivalence
in (4.4) holds if and only if d; = 0, thus

|ﬁlii|pi — Z |’I7Lij |pj > O7 1€ N, (45)
JFi
which implies M =1— D+ DM is still an H-matrix. O

Lemma 4.3 Suppose A is a nonsingular M-matrix with a positive diagonal matrix T =
diag(ty,te,t3) such that AT is an SDD matrix, where t; > 1, i =1,2,3 and

|a11| *|al2| —|a13|
A= | —lag1] |a22| —lazs| |, (4.6)

—las1| —las2|  |ass]
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then
det((I — D+ DA)T

)(Loes) _det(/—D+ DAT)(e3)
det(I— D+ DAT  — det(I — D+ DAT) ~’
det((I — D + DA)T)(23) _det(I - D+ DAT)(1-e3)
)
)

det(I—D+DAT  — det(I — D+ DAT) ~’
det((I — D+ DA)T)Ges) _ det(Z — D + DAT)(-¢3)
det(I — D+ DAT  — det(I— D+ DAT) ’

where D = diag(dy,...,d,) with0<d; <1,i=1,2,...,n

Proof Consider the linear equation
(I =D+ DA)Tx = e3, (4.7)

by Theorem 4.2, (I — D + DA)T is an SDD M-matrix, so there is a unique solution for (4.7)

denoted as

x_fdet(([ D + DA)T)(e3)
" det(I- D+ DAT

Furthermore, consider the i-th row of (4.7), as t; > 1 and a; > 0, i = 1,2, 3, then

>0, i=1,23.

1= (]. — dz —+ dz|a“|)t11'1 — Z di|aij|tjxj § 1-— dz + dz|a”|tzxz - Zdi|aij|t]’1’j, (48)
JFi J#i
and (4.8) yields
(I =D+ DAT)z < e3. (4.9)
It is easy to know, I — D + DAT is still an SDD M-matrix because AT is an SDD M-matrix.
Thus by Lemma 2.5,

det((I — D + DA)T)(es) det(I — D + DAT)(es)
det(I D DAT S , i=1,2,3. (4.10)

det(I — D + DAT)
Therefore, the proof is completed. O

Remark 4.4 In fact, for an H-matrix A, if there is positive diagonal matrix 7" such that AT is
an SDD matrix, then a scalar matrix kT (k # 0) is also a positive diagonal matrix 7" such that
A(kT) is an SDD matrix. Thus, it is attainable to make 7' > T.

Therefore, by Theorems 4.2, 3.2 and Lemma 4.3, our error bound of LCPs for H-matrix is
proposed.

Theorem 4.5 Let M = (m;;) € R™*™ be an H-matrix with positive diagonals with positive
diagonal matrix T = diag(t1, ..., t,) such that MT is an SDD matrix. Then

max |[(I — D+ DM) s
defo,1]n
< min max4y max {maxt; max h(p’q’r) (z,y, 4.11
N(a,02,a3)EB(N3) {PGOQ{ ke{1,2,3} { i€y z,y,2€{0,1} k ¥, 2 }}} ( )
ca
reas
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where (hes)
) det(I — D + DMT)\*es
h(p1q17) — k’ =1.2 3
e @A) = T D DT .
with the matrix
Impplty — > Imyp;lt; — > |myp,lt; = D |my,lt;
pFjEay jEas jEas
MT = — > Img;lt; Imgqltg — D2 Imajlt; = > Img;lt;
jEa qFjEQ2 jEas
-2 |mrj|tj -2 |mrj|tj [mrltr = 32 |mrj|tj
JjEa JjEaz r#jEas

(4.12)

Proof By the proof of Theorem 4.2, I — D 4+ DM is an H-matrix with the positive diagonal
matrix T such that (I — D+ DM)T is an SDD matrix, then by Theorem 3.2,

I(I =D+ DM)™ o

det((I — D+ DM)T)k-e3)

< min max max max
N(al,az,ag)efp(Ng)pEal{ ke{1,2,3} { i€au, det(I — D+ DM)T
g
reas

< ax{ { det(I — D + DMT)*-3)
m max ma
N(al,ag,a;;)e‘l}(N;;)peal ke{1,2,3}) icay b det(I — D+ DMT)

qeaz
reas

with MT in (4.12). Then by Lemma 4.3, the proof is completed. O
Next, let us consider the case that M is an S-SDD matrix.

Theorem 4.6 Let M = (m;;) € R"™" with positive diagonals be an S-SDD matrix. Then
M=1-D+DM := (my;) is also an S-SDD matrix, where D = diag(ds,....d,), 0 <d; <1,
1 <3 <n.

Proof As for

_ 1—d; +dimy, ©=73;
mij = . .
dimyj, i # 7,

then for any ¢ € S,
i — 15 (M) = 1 — d; + dymy; — dgrS (M) > di(mgy; — 5 (M) > 0. (4.13)
And for any i € S, j € S€,
(Iii| — 2 (M) (g | = r5" (M) = (1 = d; + dimy; — dgr (M) (1 — dj + dymy; — dyr§” (M)
> d; (mu v (M)d;(myg — " (M) = didyri” (M)r§ (M)
=" (M)r§ (M). (4.14)

It is worth pointing out that the equality of two inequalities in (4.13) and (4.18) cannot hold at
the same time. Then for any ¢ € S, j € S¢,

{ | — T{g(ﬁ) >0,
(Ifii] — 7 (M) (7| — 757 (M) > v (M)rs (M).
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Thus by Definition 1.1, M is also an S-SDD matrix. O

By Theorem 4.2, for any S-SDD matrix A, if the positive diagonal matrix W defined in
(2.2) makes AW an SDD matrix, then (I — D + DM)W is also an SDD matrix, where D =
diag(ds,...,d,) with 0 < d; < 1,7 =1,2,...,n. In addition, the similar results in Lemma 4.3
are also established for S-SDD matrix. Thus we obtain a new error bound of LCPs for S-SDD

matrices.

Theorem 4.7 Let M = (m;;) € R"™" be an S-SDD matrices with positive diagonals. Ig is
defined as that in (2.3) and 0 < v € Ig, denote W = diag(wy, ..., Ww,), where

B Asen(r=1) iesS;
w; = 4.15
g { ,ysgn('y—l)—l, = SC, ( )

then
max (I — D+ DM)™|w
defo,1]n
(p.qr

< min maxy max maxw,; - max (x,y, , 4.16
N(a,02,a3)EB(N3) {PGOQ{ ke{1,2,3} { i€ay T y,zG{O,l}g Y, % }}} ( )

ca

reas

where sgn(z) is the sign function, and

det(I — D + DMW)(k-ea)

) = k=123 417
g (.Y, 2) eI =D+ DMW) 12, (4.17)
with
Impplwy — >0 [myjlw, = 2 |mpjlw; = 2 |mypjlw;
pFAjEa1 JEa2 JEas
MW = — > |Imygjlw; Imgqlwg — D2 |mgjlw; = 2 |mygjlw;
JjEar qFjEQz jEas
= 2 |myjlw; = 2 myjlw; [mpelwy = 32 [myj|w;
JjE€ay jEaz r#jEas
(4.18)

At last, we will present some numerical experiments to show the efficiency and superiority
of our error bounds. When compared with existing results, we recall some error bounds for
H-matrices and S-SDD matrices as follows.

e Garcia-Esnaola and Pefa [26] presented an error bound of LCPs for H-matrix M = (m;;)
with positive diagonal matrix T' = diag(¢;) such that MT is an SDD matrix as follows:

max t; maxt;

e (I = D+ DM) || < max { 1n{6} mm{t}}

(4.19)

where ﬁl = |mii|ti - Zj;ﬁi |mij|tj.
e Garcia-Esnaola and Pena [24] presented an error bound of LCPs for S-SDD matrices as

follows:

max{ 1,4}, 7> 1,
max ||(I — D+ DM) | < 11 (4.20)
defo.1]r max{—=,—}, v <1,
B
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where W = diag(wi,wa, ..., w,) with w; = {% res , v € Is and 8 = mingey |ag|w; —
1, ie S°
>z |aijlw;.
In the experiments, we just choose two partitions as that in the numerical experiments of
Section 3 and make the parameter «y as that in (3.12).
Recalling (1.2), we first compute a numerical solution to LCP(M,g), because it exists in
r(z) = min{xz, Mx + ¢}. In the experiments, we apply the modulus-based matrix splitting

iteration method [1] to obtain the numerical solution.

Algorithm 1 ([1]) (Modulus-Based Matrix Splitting Iteration Method)
1. Let M = Q1 — Q2 be a splitting of the matrix M € R"*™ A be a positive diagonal matrix,
and n be a positive constant.

2. Given an initial vector y(!) € R", determine y**1) € R™ from the system
A+ Q"™ = Q™ + (A= M)y — g, k=1,2,...,
set

1
o = LW 4 V), k=12

3. Go until the sequence {z(*)} converges.

Finding a numerical solution = of LCP(M, ¢) by Algorithm 1, we obtain r(z) = min{x, Ma +
q}. Combining upper bounds for maxgejo,1j» [|[(I — D + DM)~ |~ leads to the error estimates

for LCP(M,q) in (1.2).

Example 4.8 Let M = (m;;) € R™*"™ be a random H-matrix generated by matlab code:
M = —randi([1,100],n,n), R =sum(M’), v = 0.2 + abs(exprnd(3,n, 1)), d = 0.2 4+ rand(n, 1)

fori=1:n

M (iyi) = M(i,7) — R(i) + (i)
end
M=M*diag(d)

g=—M-z, where z=(2,2,2,...,2)T.

Then M is an H-matrix with positive matrix D = diag(d—ll, e d%) such that M D is an SDD
matrix. In addition, the exact solution of LCP(M,q) is = (2,2,...,2). We will compute the
numerical solution z* of LCP(M, ¢) by Algorithm 1, and measure the real error as ||z — 2% .
In addition, we would compute the error bounds by (4.20) and (4.16). Here, we increase the size
of matrix n from 5 to 100, and all results are plotted in Figure 2. For better observing difference

between our bounds and the existing one, we plot the natural logarithm for all error bounds.
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Figure 2 The estimations of ||(I — D + DM)™"||o for H-matrix M with increasing orders

From Figure 2, our error bounds are efficiency and accuracy, and as long as the size of matrix
M increases, our error bounds are also more stable than existing ones. This example illustrates
that our error bounds are more accurate and stable in some cases.

In the rest examples, we only consider the upper bounds of ||(I — D + DM) ™| «. Firstly,

let us see the case for some random H-matrices M.

Example 4.9 We generate some random H-matrices by the following matlab code:
A = —randi([1,100],n,n), v = 0.01 + exprnd(3,n,1), R =sum(A’), d = 0.02 + rand(n, 1),

fori=1:n
A(i, i) = A(i,9) — R(@) + y(i);
end

A = A x diag(d).

, =) such that AD is an
SDD matrix. Then the upper bounds for ||(I — D + DM)~!||o computed by (4.20) and (4.16)

are plotted in Figure 3 with parameter v in (3.12). From the results in Figure 3, it is not hard

Then A is an H-matrix with positive diagonal matrix D= diag(di17 e

to see that our results are sharper and more stable, which shows the efficiency and superiority

of our result.

Example 4.10 Consider the S-SDD matrix in the Example in [24],

Take the set S = {1,2,3} and S¢ = {4,5,6}. Then Is = (

3 -1 0 0 -1 0

-1 5 -1 -1 0 -1
U

2 2 4

I

s I

3.4). We choose 0 < v € Ig, and

compute bounds for ||(I — D+ DM)~ !« by (4.20) and (4.16) with increasing 7, all bounds are
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plotted in Figure 4. From the results in Figure 4, our bounds are more accurate with the same
v. Furthermore, our results may have not attained the smallest upper bounds. Thus our error

bound is more efficient in some cases.
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Figure 3 The estimations of ||[(I — D + D]W)*l”oO for H-matrix M with increasing orders
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Taking S = {4,5,6} and S° = {1,2,3}, we have Is = (%, %) Similarly, we plot all results in
Figure 5. From the results in Figure 5, our error bounds are also of more efficiency and accuracy.

It also shows the superiority of our results.

5. Concluding remarks

By partition reduction method, we present new upper bounds of the inverse of H-matrices
including S-SDD matrices, which are more accurate in some cases. When we apply the upper
bound to error bound of LCPs, new error bounds of LCPs for H-matrices and S-SDD matrices

are presented, and they are also sharper than existing ones in some cases.
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