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Abstract In this paper, we introduce the notion of embedding tensors on 3-Hom-Lie algebras
and show that embedding tensors induce naturally 3-Hom-Leibniz algebras. Moreover, the co-
homology theory of embedding tensors on 3-Hom-Lie algebras is defined. As an application,
we show that if two linear deformations of an embedding tensor on a 3-Hom-Lie algebra are
equivalent, then their infinitesimals belong to the same cohomology class in the first cohomology
group.
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1. Introduction

The concept of embedded tensors provides a useful tool on the construction of supergravity
theories [1] and higher gauge theories [2]. The embedding tensor is called the average operator in
mathematics. Aguiar [3] studied the average operator on the associative algebra and Lie algebra.
Later, the deformation and cohomology theory of embedding tensors of associative algebra, Lie
algebra and 3-Lie algebra were given in [4-6]. Recently, Das and Makhlouf [7] introduced the
embedding tensor on Hom-Lie algebra, and studied the related properties.

The aim of this paper is to extend the concept of embedded tensors of 3-Lie algebras to Hom-
type algebras. Hom-Lie algebras were introduced by Hartwig, Larsson and Silvestrov [8] in the
study of g-deformations of the Witt and Virasoro algebra. In the last fifteen years, Hom-type
algebras have attracted extensive attention from scholars [7,9-15]. In addition, Filippov [16]
introduced 3-Lie algebra and more general n-Lie algebra, which can be regarded as a general-
ization of Lie algebra to higher algebra. In particular, 3-Lie algebras play an important role

in string theory [17]. In [18], n-Hom-Lie algebras and various generalizations of n-ary algebras
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are considered, and the representation and cohomology of n-Hom-Lie algebras are first studied
in [19].

This paper is organized as follows. In Section 2, we recall the definitions of 3-Hom-Lie al-
gebras. Then we introduce the notion of an embedding tensor on a 3-Hom-Lie algebra, which
naturally induces a 3-Hom-Leibniz algebra. In Section 3, we introduce the representation and
cohomology theory of embedding tensor on 3-Hom-Lie algebra. In Section 4, we study linear
deformations of embedding tensors on 3-Hom-Lie algebras, and show that if two linear deforma-
tions of an embedding tensor on a 3-Hom Lie algebra are equivalent, then their infinitesimals
belong to the same cohomology class in the first cohomology group.

In this paper, all vector spaces are considered over a field K of characteristic 0.

2. Embedding tensors on 3-Hom-Lie algebras

In this section, we recall some basic definitions of 3-Hom-Lie algebras, Hom-Leibniz algebras
and 3-Hom-Leibniz algebras. Then we introduce embedding tensors on 3-Hom-Lie algebras. We
show that an embedding tensor naturally gives rise to a 3-Hom-Leibniz algebra structure. Finally,

we provide some examples of embedding tensors on 3-Hom-Lie algebras.

Definition 2.1 ([18]) A 3-Hom-Lie algebra is a triple (L, [-, -, -], &) consisting of a vector space
L, a trilinear skew-symmetric mapping [-,-,<] : L x L x L — L, and a linear map « : L — L
satisfying a([z,y, z]) = [a(x), a(y), a(z)] and the Hom-Filippov-Jacobi identity:

[a(a), a(b), [,y 2]] = [la,b, 2], a(y), a(2)] + [a(@), [a, b, y], a(2)] + [a(2), a(y), [0, b, 2]], (2.1)

for any a,b,xz,y,z € L. Furthermore, if o : L — L is a vector space automorphism of L, then
the 3-Hom-Lie algebra (L, [, -, ], «) is called a regular 3-Hom-Lie algebra.
A homomorphism between two 3-Hom-Lie algebras (L, [, -, -], @) and (L', [, -, -]', &) is a linear

map v : L — L’ satisfying 1) o a = o’ 01 and

Uz, y, 2]) = (), ¥(y), ¥ (2)], Va,y,2 € L.

In particular, if 1 is nondegenerate, then v is called an isomorphism from L to L.

Definition 2.2 ([12]) A Hom-Leibniz algebra is a vector space L together with a bracket
operation [-,-] : L x L — L and a linear map « : L — L satisfying o([z,y]) = [a(z), a(y)] such
that

[O‘(x)a [ya Z]] = [[:L'a y]a Oé(Z)] + [a(y), [Za Z]]a

for any x,y,z € L.

Let (L, [+, ],«@) be a 3-Hom-Lie algebra. Then the elements in A2L are called fundamental
objects of the 3-Hom-Lie algebra (L, [+, -, -], ). There is a bilinear operation [-,-]" on A?L, which
is given by

(X,Y) = [21, 22, 1] A a(y2) + alyr) A [v1,22,92], VX =21 Awa, YV =41 Ay2 € AL,
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and a linear map & on A?L is defined by a(X) = a(x1) A a(xz). Clearly, (A2L,[-,-], @) is a
Hom-Leibniz algebra [20].

Definition 2.3 ([11]) A representation of a 3-Hom-Lie algebra (L, [,-,],«) on a vector space
V' with respect to 3 € End(V) is a skew-symmetric linear map p : A>L — End(V) such that

pla(x),a(y)) o B = Bop(x,y), (2.2)
pla(@), a(y))p(a,b) — pla(a), a(d)p(z,y) = (p([z, y,a], a(b)) — p(lz,y,b],ala))) 0 B, (2.3)
p([z,y, a], a(b)) o B = pla(y), a(a))p(x, b) = p(a(a), a(x))p(y, b) + ple(z), aly))p(a,b),  (2.4)
for any x,y,a,b € L. Furthermore, if § : V — V is a vector space automorphism of V', then
(Vs p, B) is called a regular representation of (L, [-,-, ], «).
It follows from the above definition that any 3-Hom-Lie algebra (L, [-, -, -], @) can be regarded
as a representation of itself, where p = ad : A2L — End(L) is given by ad(z,y)(2) := [z,y, 2], for
z,y,2 € L. This is called the adjoint representation.

Definition 2.4 ([13]) A 3-Hom-Leibniz algebra is a triple (L, [-,-, |z, az) consisting of a vector
space L, a trilinear mapping [-,+,"]z : L X L x L — L, and a linear map o, : L — L satisfying
ac([z,y, 2]c) = lac(@), oc(y), ac(z)]c such that
[aﬁ(a)a ar (b)7 [Ia Y, Z]ﬁ]ﬁ
- [[aa b, l‘][j, Oé[j(y), aﬁ(z)]ﬁ + [OL[;(QC), [aa b, y]ﬁa aﬁ(z)]ﬁ + [aﬁ (CL’), ar (y)v [av b, Z]E]Ev (25)

for any a,b,x,y,z € L.

Proposition 2.5 Let (L, [, ],«a) be a 3-Hom-Lie algebra, V' be a vector space, 3 € End(V)
and p : AL — End(V) be a skew-symmetric linear map. Then (V;p, 3) is a representation of
3-Hom-Lie algebra L if and only if L &V is a 3-Hom-Leibniz algebra under the following maps:

(@@ f)(z +u) = az) + Bu),

[l‘ + U,y + ’U,Z + w]ﬂ = [lL’,y,Z] + p(:c,y)w
for any xz,y,z € L and u,v,w € V. (L& V,[,,-,"],,a @ B) is called the hemisemidirect product
3-Hom-Leibniz algebra, and denoted by L x, V.

Proof For all x,y,z,a,b € L,u,v,w,s,t €V, by Egs. (2.1)-(2.3) , we have

(@@ B)([z+uy+v,z+w,) = (a®B)([z,y,2] + plz, y)w)
= a([z,y,2]) + B(p(z, y)w) = [a(z), ay), a(2)] + pla(z), a(y)) B(w)
= [a(z) + B(u), aly) + B(v), a(z) + B(w)],
=[(a®p)(z+u),(a®B)(y +v), (a®B)(z+w)lp,

la+s,b+tx+ul,, (@@ B)(y+v), (@®B)(z+w),+

[(a® B)(x+u),fa+s,b+t,y+0], (a®B)(z+w),+

[(a®B)(@+u)(adB)(y+v)lats b+t z+w,—
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[(a® B)(a+s), (a® )b +1), [z +u,y +v, 2+ w]pl,
[hbﬂ pla, bju, a(y) + B(v), a(z) + B(w)]p+
[a(z) + B(u), [a, b,y] + p(a, b)v, a(z) + B(w)]p+
[a(z) + B(u), a(y) + (v), [a, b, 2] + p(a, b)w],—
[a(a) + B(s), a(b) + B(1), [z, y, 2] + p(z, y)w],
= [la, b, 2], a(y), a(2)] + p([a, b, 2], a(y)) B(w) + [e(), [a, b, y], a(2)]+
pla(@),la,b,y])B(w) + [a(z), aly), [a, b, 2]] + p(a(z), aly))p(a, b)w—
[a(a), a(b), [z, y, 2] — PW()(DM%MMZO
Thus, (L V,[-,-,],, @ ® B) is a 3-Hom-Leibniz algebra. O
Definition 2.6 Let (V;p, ) be a representation of the 3-Hom-Lie algebra (L, [-,-,-],a). Then
the linear map T : V — L is called an embedding tensor on the 3-Hom-Lie algebra (L, |-, ], &)
with respect to the representation (V; p, 8) if T meets the following equations:
ToB=aoT, (2.6)
[Tu, Tv, Tw] = T(p(Tu, Tv)w), (2.7)

for any u,v,w € V.

Theorem 2.7 A linear map T : V — L is an embedding tensor on the 3-Hom-Lie algebra
(L, [, -, ], @) with respect to the representation (V; p, 8) if and only if the graph Gr(T) = {Tu+
ulu € V'} is a 3-Hom-Leibniz subalgebra of the hemisemidirect product 3-Hom-Leibniz algebra
Lx,V.

Proof Let T : V — L be a linear map. Then for all u,v,w € V, we have
(@& B)(Tu+u) = a(Tu) + 5(u),
[Tu+u,Tv+v,Tw+ w], = [Tu, Tv, Tw] + p(Tu, Tv)w

Thus, the graph

Gr(T)={Tu+u|ueV}

is a subalgebra of the hemisemidirect product 3-Hom-Leibniz algebra L x, V if and only if T
meets Egs. (2.6) and (2.7), which implies that T is an embedding tensor on the 3-Hom-Lie algebra
L with respect to the representation (V;p, 8). O

Clearly, the algebraic structure underlying an embedding tensor on the 3-Hom-Lie algebra

(L, [, -, ], @) is a 3-Hom-Leibniz algebra. Thereby, we have the following proposition.

Proposition 2.8 Let T : V — L be an embedding tensor on the 3-Hom-Lie algebra (L, [-, -, ], )

with respect to the representation (V'; p, 8). If a linear map [-,-,-]7 : V x V xV — V is given by
[w, v, w]r = p(Tu, Tv)w, (2.8)

for any u,v,w € V, then (V,[-,-,]r, B) is a 3-Hom-Leibniz algebra. Moreover, T is a homomor-
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phism from the 3-Hom-Leibniz algebra (V,[-,-, |7, 8) to the 3-Hom-Lie algebra (L, [-,-, ], «).

Proof For all u,v,w,s,t €V, by Egs. (2.2), (2.3), (2.6)—(2.8), we have
B([u,v,w]r) = B(p(Tu, Tv)w)
= p(a(T), a(Tv))B(w) = p(TB(u), TH(v))A(w)
= [B(u), B(v), B(w)]r,
([s,t, ulr, B(v), B(w)]r + [B(uw), s, ¢, v]r, Blw)]r + [B(u), B(v), [s, ¢, wlr]r
= [p(Ts, Tt)u, B(v), B(w)]r + [B(w), p(T's, Tt)v, B(w)]r + [B(u), B(v), p(Ts, Tt)w|r
= p(Tp(Ts, Tt)u, T(v))(w) + p(TB(u), Tp(Ts, Tt)v) f(w) + p(TS(u), TH())p(Ts, Tt)w
= p([T's,Tt, Tu],a(Tv))B(w) + ple(Tw), [T's, Tt, Tv]) f(w) + p(a(Tu), (T))p(Ts, Tt)w
= p(e(T's), a(Tt)) p(Tu, Tv)w = p(TB(s), TB(E)) p(Tu, Tv)w
= [B(s), B(t), p(Tw, Tv)w]r = [B(s), B(t), [u, v, wr]r.
Thus, (V. [, -, ]7,8) is a 3-Hom-Leibniz algebra. By Egs. (2.6) and (2.7), T is a homomorphism
from the 3-Hom-Leibniz algebra (V,[-, -, ]7, 8) to the 3-Hom-Lie algebra (L, [-,-,],a). O

Definition 2.9 Let T and T’ be two embedding tensors on the 3-Hom-Lie algebra (L, [, -, ], )
with respect to the representation (V; p,3). Then a homomorphism from T’ to T consists of a

3-Hom-Lie algebra homomorphism r, : L — L and a linear map 1y : V — V such that

Boy =1y of, (2.9)
Toy =9 oT, (2.10)
Yy (p(x, y)u) = p(Yr(x), Y (y)) Py (u). (2.11)

In particular, if both vy, and ¢y are invertible, (1, 1y ) is called an isomorphism from T' to T.

The association of a 3-Hom-Leibniz algebra from an embedding tensor enjoys the functorial

property.

Proposition 2.10 Let T and T’ be two embedding tensors on the 3-Hom-Lie algebra (L, [-, -, ], )
with respect to the representation (V;p, ), and (¢r,v¢v) be a homomorphism from T’ to T.
Then vy is a homomorphism of 3-Hom-Leibniz algebras from (V,[-,-, 7, 8) to (V,[-,-, |1, B).

Proof For all u,v,w € V, by Eqgs. (2.8), (2.10) and (2.11), we have
Yy ([u, v, wlrr) = Yy (p(T'u, T'v)w)
= p(Wr(T"w), YL(T0))v (w) = p(Tv (u), Ty (v)) by (w)
= [Yv(u), ¥v(v), v (w)]r.
Using Eq. (2.9), we can get ¢y is a homomorphism of 3-Hom-Leibniz algebras from (V, [-, -, -]z, 5)
to (V) [, ]r,B). O

Next, we present some examples of embedding tensors on 3-Hom-Lie algebras.

Example 2.11 Let (L, [, -, ],«) be a 3-Hom-Lie algebra. Then the identity map Id: L — L is
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an embedding tensor on the 3-Hom-Lie algebra L with respect to the adjoint representation.

Example 2.12 Let (L,[,-,],a) be a 3-Hom-Lie algebra. Then a linear map D : L — L
is said to be a derivation for the 3-Hom-Lie algebra L if « o D = D o« and D[z,y,z2] =
[Dx,y, 2] + [z, Dy, 2] + [x,y, Dz], for all z,y,z € L. If D? = 0, then D is an embedding tensor

on L with respect to the adjoint representation.

Example 2.13 Let (V;p, 8) be a representation of a 3-Hom-Lie algebra(L, [, -, -], ). If a linear
map f:V — L satisfies:

a(f(u)) = f(B(u)),
flp(@, f(u)v) = [z, f(u), f(v)],
for any « € L,u,v € V, then f is an embedding tensors on the 3-Hom-Lie algebra (L, [-, -, ], @)

with respect to the representation (V;p, ).

Example 2.14 Let (L, [, -, ],«) be a 3-Hom-Lie algebra. Then it can be easily checked that
(@™ L; p, ®" ) is a representation of the 3-Hom-Lie algebra L, where

p: A2L — End(@"L), p(x,y)((x1,...,2,)) = ([x,y,21], ..., [, 9, 2a]),
for any « € L, (z1,...,z,) € ®"L. Moreover, T : ®"L — L, T(x1,...,2,) =21 + -+, is an

embedding tensor on L with respect to the representation (&™L; p, ®"«).

Example 2.15 With the notations of the previous example, then the ¢-th projection map
T, : ®"L — L, T;(x1,...,2,) = x; is an embedding tensor on (L, [, -, ], @) with respect to the
representation (@™ L; p, " ).

3. The cohomology of embedding tensors on 3-Hom-Lie algebras

In this section, we recall some basic results of representations and cohomologies of 3-Hom-
Leibniz algebras. We construct a representation of the 3-Hom-Leibniz algebra (V,[-, -, ], 8) on

the vector space L, and define the cohomologies of an embedding tensor on 3-Hom-Lie algebras.

Definition 3.1 A representation of the 3-Hom-Leibniz algebra (L, |-, -, |z, @) is a pair (V; 3) of
vector space V and a linear map B :V — V, equipped with 3 actions
[LRLRV =V,
m:LIVRL—V,
r:VeLRL—=V,

satisfying for any x,y,z,a,b € L andu € V
la(z),a(y), Bu) = B(l(z,y,u)),
m(a(z), B(u), a(z)) = B(m(z,u, z)),
B(r(u,y, 2))

—~
<
~—
Q
—~~

<
~
Q
—
N
~—
~—
I
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and
l(la,b, 7]z, aly), B(w)) + (), [a, b, Y]z, B(w)) + l(e(), aly), I(a, b, u))
= l(a(a), a(b), l(z,y, u)), (3.1)
m([a,b, z]c, B(u), a(2)) + m(a(z),l(a,b,u), a(z)) + m(a(z), B(u), [a, b, 2]c)
= (a(a), alb), m(z, u, 2)), (32)
r(l(a,b,u), ay), a(z)) + r(B(w), [a,b,y]c, a(2)) + r(B(u), a(y), [a, b, z]¢)
= l(afa), a(b), r(u,y, 2)), (3.3)
r(m(a,u,x), a(y), a(z)) + m(a(z), m(a,u,y), a(z)) + l(a(z), aly), m(a,u, z))
— m(a(a), B(u), [2, 9 1), (3.4)
r(r(u, b,x),a(y), az)) + m(a(z), r(u, b,y), a(z)) + l(a(x), a(y), r(u, b, 2))
=r(B(u), a(b), [z, y, 2]c). (3.5)
An n-cochain on a 3-Hom-Leibniz algebra (£, [, -, -]z, «) with coefficients in a representation
(Vil,m,r, ) is a linear map

—_—
fNL®--QNLRIL—V, n>1

such that Bo f = fo(a®" ! ®a). The space generated by n-cochains is denoted as Ciyyy.; (£, V).
The coboundary map § from n-cochains to (n + 1)-cochains, for X; = z; Ay; € A2L,1<i<n
and z € L, is defined as

(5f)(X1,X2, .. .,Xn,Z)
= Z (=1 f(a(Xy1),. .. ,)/(\j, v @(Xg—1), alxk) Az, v, Ykl o+

1<j<k<n

[xjayjaxk][l A a(yk)a ceey &(Xn)a OL(Z))+

Z(il)Jf(&(Xl)a v a)/(\ja RN &(Xn)v [1']'; Yj, Z]£)+
S OED)TENXG), F(X - X X, 2)

j=1
(71)n+1(m(an71(xn)’ f(Xla AR anla yn)a anil(z))+
T(f(Xla cee 7Xn717 xn)a an_l(yn)a an—l(z)) .
It was proved in [13] that 62 = 0. Thus, (&, Clp. (L, V),6) is a cochain complex. We denote

the set of n-cocycles by Z;.:(L£,V), the set of n-coboundaries by Biy.i(£,V) and the n-th
cohomology group by Hiirei(L: V) = 2816 (L, V) / Bire (L, V).

Lemma 3.2 Let T : V — L be an embedding tensor on the 3-Hom-Lie algebra (L, [, -, ], «)

with respect to the representation (V;p, 3). Define actions

lp:VVRL—->Lmpr: VLIV - Lirp: LIV RV — L,
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by
lr(u,v,z) = [Tu, Tv, x],
mr(u, x,v) = [Tu,z, Tv] — Tp(Tu, x)v,
ro(z,u,v) =[x, Tu, Tv] — Tp(x, Tu)v,
for any u,v € V,x € L. Then (L;lp, mr,rr,«) is a representation of the 3-Hom-Leibniz algebra
Vil B).
Proof For all u,v,w,s,t € V and xz € L, by Egs. (2.2) and (2.6), we have
I (B(u), B(v), a(x)) = [TH(u), TS(v), a(x)] = [(T'u), a(T), ()]
= o([Tu,Tv,z]) = a(lr(u, v, x)),
mr(f(u), a(z), B(v)) = [TH(u), a(x), TH(v)] = T(p(TH(u), a(x))B(v))
a(T

[a(Tu), o), a(Tv)] - T(p(eT), a(x))B(v))
— a([Tu, 2, Tv]) - TB(p(Tu,)v) = a([Tu,x, To]) — a(Tp(Tu, x)o)

= a(mr(u,z,v)).
Similarly, we can show that rr(a(x), B(u), B(v)) = a(rr(z,u,v)) holds.
By Egs. (2.1), (2.7) and (2.8), we have
r([u, v, 5], B(t), a(@)) + 10 (B(s), [u, v, tlr, () + 12 (B(s), B(E), I (u, v, ))
= [Tu, v, s]7, TA(t), al@)] + [TB(s), Tlu, v, t)r, )] + [T(s), TH(t), [Tu, Tv, 2]]
= [[Tw, Tv, T's], a(T't), Oé( )+ [a(Ts), [Tu, Tv, Tt], ()] + [a(T's), (Tt), [Tu, T, ]]
= [a(Tw),a(Tv), [Ts, Tt,2]] = [TB(u), TH(v), [T's, Tt, x]] = lr(B(u), B(v),lr (s, t, 7)),
which indicates that Eq. (3.1) holds.
By Egs. (2.1), (2.3), (2.6)—(2.8), we have
ma([u,v, 5], a(2), BE)) + ma(B(s), bz (u,v,2), B®) + ma(B(s), ale), [u,v, r)
= [T[u, v, 8], ), TH(H)] = Tp(Tlu, v, slr, a(x))B(t) + [TH(s), [Tu, T, ], TH(t)] -
Tp(TB(s), [Tu, Tv, z])B(t) + [TB(s), a(x), T[u, v, t]r] = Tp(TB(s), ) [u, v, )7
= [[Tu, Tv,Ts], a(z),a(Tt)] — Tp([Tu, Tv, Ts|,a(x))5(t) + [a(Ts), [Tu, Tv, x|, a(Tt)]—
Tp(a(T's), [Tu, Tv, x])B(t) + [a(Ts), a(x), [Tu, Tv, Tt]] — Tp(a(Ts), a(x))p(Tu, Tv)t
= [a(Tu), a(Tv), [Ts,z, Tt]] — Tp(a(Tu),a(Tv))p(Ts, x)t
= [a(Tu), a(Tv), [Ts,z, Tt]] — [a(Tu), a(Tw), p(Ts, x)t]
= [TB(u), THW), [Ts,x,Tt] — p(Ts,z)t] = lp(u,v,mr(s,z,t)),
re(lr(u,v,2), B(s), B(t)) + rr(e(z), [u, v, sz, B(t) + rr(a(z), B(s), [u, v, 1)
= [[Tu, Tv, 2], TH(s), THt)] — Tp([Tu, Tv, 2], TB(s)) 5(t) + [a(x), Tp(Tu, Tv)s, TH(t)] -
Tp(alz), Tp(Tu, Tv)s)B(t) + [a(x), TB(s), Tp(Tu, Tv)t] = Tp(a(x), TB(s))p(Tu, Tv)t
= [[Tu,Tv,z],a(Ts),a(Tt)] — Tp([Tu, Tv,x],a(Ts))5(t) + [a(z), [Tu, Tv, Ts|,a(Tt)]—

— =

I+
| =

Tu
Tu
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Tp(a(a), [Tu, T, Ts))B(t) + [a(x), a(Ts), [Tu, Tv, Tt]] - Tp(a(x), a(Ts))p(Tu, Tv)t

— [a(Tu), a(Tv), [z, Ts, Tt] - Tp(a(Tu), a(Tv))p(z, Ts)t

= [a(Tu), a(Tv), [z, Ts, Tt]] — [a(Tu), a(Tv), Tp(x, Ts)t]

= [TB(u), TB(v), [z, T's,Tt] — Tp(z, T's)t] = lr(B(u), B(v), 7 (2, s, 1)),

which imply that Eqgs. (3.2) and (3.3) hold. Similarly, we can prove that Egs. (3.4) and (3.5) are

true. Thus, (L;lp, mr,rr,«) is a representation of the 3-Hom-Leibniz algebra (V, [, -, ], ). O
When n > 1, let 67 : Cipyp(V, L) — C?gﬁei(v, L) be the coboundary operator of the 3-Hom-
Leibniz algebra (V, [, -, 7, 5) with coefficients in the representation (L;lp, mp,rr,«). More

precisely, for all f € Chyroi(V, L), Vi =u; Av; € A°V,1 <i<nand w €V, we have

((5Tf)(V1, ‘/2, .. .,Vn,w)
= Z (_1)jf(5(vl)7"'7‘//;7"'7B(Vk—1)a6(uk)/\

1<j<k<n

[uﬁvjvvk]T + [ujvvjvuk]T A B(Uk)v s 7B(Vn)7ﬁ(w))+

(=1 F(BOVA), -, Voo B(Va), [ vz, wlir)+

NE

<.
Il
—

—~

(=17 (BN (V) Vi, Voo Vi, w)) +

M=

(- 1>"+1<mT<6"-1<un>, PV Vi, o), 87 (w)+

rr(f(Vi, o, Vet un), B o), B H(w)).

In particular, for f € Ciyy,

L):={g€eHom(V,L) | ¢og=gof} and u,v,w € V, we have

l(
(07 f)(u, v, w) = = f([u,v,w]T) + Ir(u, v, f(w)) + mr(u, f(v),w) +r7(f(w),v,0)
= —f(p(Tu, Tv)w) + [Tu, T, f(w)] + [Tu, f(v), Tw] — Tp(Tu, f(v))w+

[f(u)a TU, Tw] o Tp(f(u)v T’U)'(U
When n = 0, for any (a,b) € Coy1o(V, L) :== {(z,y) € A\°L | a(z) = z,a(y) = y}, we define
5T : CgHLei(Va L) - CéHLei(Va L)a (a7 b) = p(aa b)

by
p(a,b)v = Tp(a, b))~ (v) — [a,b, T~ (v)], YveV,

where 8 : V — V is a vector space isomorphism.

Proposition 3.3 Let T : V — L be an embedding tensor on the regular 3-Hom-Lie algebra
(L, [+, ], ) with respect to the regular representatjon (V;p,B). Then dr(p(a,b)) = 0, that is
the composition Cly; i (V, L) KL Care(V, L) o, Crei(V, L) is the zero map.

Proof For any u,v,w € V, by Egs. (2.1)—(2.3), (2.6) and (2.7) we have

(6Tp(aa b))(ua v, U})
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= —p(a,b)p(Tu, Tv)w + [Tu, Tv, p(a,b)w] + [Tu, p(a,b)v, Tw] — Tp(Tu, p(a, b)v)w+
[p(a,b)u, Tv, Tw] — Tp(p(a,b)u, Tv)w
= =Tp(a,b)pa™" (Tu), o (T))B~" (w) + [a,b, Tp(a™ (Tu), a™ (Tv)) 8~ (w)]+
[Tw, Tv, Tp(a,b)s~ ()] — [Tu, T, [a,b, TS~ (w)]] + [Tw, Tp(a,b)3(v), Tw]—
[Tu,[a,b, T~ (v)], Tw] — Tp(Tu, Tp(a,b)~(v))w + Tp(Tu, [a,b, TS (v)])w+
[Tp(a,b)3~*(u), Tv, Tw] — [[a,b, TS~ (u)], Tv, Tw] — Tp(Tp(a,b)s~ (u), Tv)w+
Tp([a,b, T (u)], Tv)w
— —Tp(a,b)p(a~(Tu), 0~ (T0)) 5~ (w) + [a, b, [T5~(u), TH (v), TH (w)]}+
Tp(Tu, To)p(a, b)F () — [T, T, [a, b, TE~(w)]] + Tp(Tw, Tp(a, b)F~(v))w—
[T, [a,b, TR~ (v)], Tw] — Tp(Tu, Tp(a,b)3 (v))w + Tp(Tu, [a,b, TL (v)])w+
Tp(Tp(a,b)3(u), Tv)w — [[a, b, TS~ (u)], Tv, Tw] — Tp(Tp(a,b)s~ (u), Tv)w+
Tp(la,b, TS (u)], Tv)w = 0.
Therefore, 07 (p(a,b)) = 0. O
Next we define the cohomology theory of an embedding tensor 7" on the 3-Hom-Lie algebra
(L, [, ], @) with respect to the representation (V;p, 3). For n > 0, define the set of n-cochains
of T by C3(V,L) := C3y1,;(V, L). Then (652,Ch(V,L),dr) is a cochain complex. For n > 1, we
denote the set of n-cocycles by Z7(V, L), the set of n-coboundaries by B} (V, L) and the n-th
cohomology group of the embedding tensor T by H’:(V, L) = ZX(V, L)/B}(V, L).

4. Deformations of embedding tensors on 3-Hom-Lie algebras

In this section, we discuss linear deformations of embedding tensors on 3-Hom-Lie algebras.
we show that if two linear deformations of an embedding tensor on a 3-Hom Lie algebra are

equivalent, then their infinitesimals belong to the same cohomology class in the first cohomology

group.

Definition 4.1 Let T : V — L be an embedding tensor on the 3-Hom-Lie algebra (L, [-,-, ], )
with respect to the representation (V;p,3), and let J: V — L be a linear map. If T, =T + tJ
is an embedding tensor on (L, [, -,-],«) with respect to the representation (V'; p, 8) for all t, we

say that J generates a linear deformation of the embedding tensor T .

Suppose that J generates a linear deformation of the embedding tensor 7', then we have
Tiof =aoTy,
[Tiu, Tyv, Tyw] = Tip(Tyu, Tyo)w,
for all u,v,w € V. This is equivalent to the following conditions
JofB=aol, (4.1)

[Tu, Tv,Jw] + [Tu, Jv, Tw] + [Ju, Tv, Tw] = Ip(Tu, Tv)w + Tp(Tu, Jv)w + T p(Ju, Tv)w,
(4.2)
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[Tu, v, Jw] + [Ju, Tv, Jw] + [Ju, Jv, Tw] = Tp(Tu, IJv)w + Ip(Ju, Tv)w + Tp(Ju, Jv)w, (4.3)
[Ju, Jv, Jw] = Tp(Ju, IJv)w, (4.4)

for all u,v,w € V. Thus, T} is a linear deformation of 7' if and only if Egs. (4.1)—(4.4) hold. From
Egs. (4.1) and (4.4) it follows that the map J is an embedding tensor on the 3-Hom-Lie algebra
(L, [, ], @) with respect to the representation (V;p, ).

Proposition 4.2 Let T; = T + tJ be a linear deformation of an embedding tensor 1" on a
3-Hom-Lie algebra (L, [-,,],«) with respect to the representation (V;p,3). Then J € CL(V, L)
is a 1-cocycle of the embedding tensor T. Moreover, the 1-cocycle J is called the infinitesimal of

the linear deformation T; of T'.

Proof We observe that Eq. (4.2) implies that 677 = 0. O

Next, we discuss equivalent linear deformations.
Definition 4.3 Let T be an embedding tensor on the regular 3-Hom-Lie algebra (L, [, -, ], «)
with respect to the regular representation (V;p,3). Two linear deformations T} = T + tJ;
and T? = T + tJy are said to be equivalent if there exist two elements a,b € L such that

a(a) = a,a(b) = b and the pair (Id;, + ta~(ad(a,b)),Idy + tB~1(p(a,b))) is a homomorphism
from T? to T}

Let us recall from Definition 2.9 that the pair (Idg, + ta~!(ad(a,b)),Idy +t371(p(a,b))) is a

homomorphism from T to T} if the following conditions are true:

(1) The map Idy, + ta~*(ad(a,b)) : L — L,z + x + ta~ ! (ad(a,b)z) is a 3-Hom-Lie algebra

homomorphism;
(2) (T + t31)(u + tB~ (p(a, b)u)) = (Idg, + ta~ (ad(a, b)) (Tu + tTu);
(3) p(z,y)u + B~ (p(a,b)p(z, y)u) = p(z + ta~ (ad(a, b)z), y+
ta~t(ad(a,b)y)) (u +tB~(pla,b)u)), Va,y € L,u € V.

Theorem 4.4 Let T be an embedding tensor on a regular 3-Hom-Lie algebra (L, [-,-, ], &) with
respect to the regular representation (V;p, ). If two linear deformations T} = T + tJ; and

T? = T +1tJq of T are equivalent, then J; and J, define the same cohomology class in Hx(V, L).
Proof Comparing coefficients of ¢! on both sides of equation in condition (2), we have
Jou—Jyu=TB™ (p(a,b)u) — o' ([a, b, Tu])

= Tp(a,b)8~" (u) = [a,b, T8~ (u)]
= p(a,b)u € Br(V, L),

which implies that Jo and J; belong to the same cohomology class in ’HlT(V7 L). O
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