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Abstract In this paper, we will prove that the system of differential-difference equations

{(f(Z)f/(z))" +pi(2)g™ (= 4+ 1) = Q(2),

(9(2)g' ()" +p3(2) f™ (2 +n) = Qa(2),

has no transcendental entire solution (f(2),g(z)) with p(f,g) < oo such that A(f) < p(f) and
Xg) < p(g), where Pi(z2),Q1(z), P2(z) and Q2(z) are non-vanishing polynomials.
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1. Introduction and main results

We use the standard notations of the Nevanlinna theory, i.e., m(r, ), N(r, f) and T(r, f)
to denote the proximity function, the counting function and the characteristic function of a
meromorphic function f(z), respectively. Define the order and exponents of convergence of zero

sequence of f by

lost T log+ N(r, 1
p(f):limsupiog (T’f), )\(f):limsupi( f).
r—00 10g7“ r—00 10g’l"

Moreover, we say that a meromorphic function g is a small function with respect to f if
T(r,g) = S(r, f), where S(r, f) = o(T(r, f)) outside a possible exceptional set of finite linear
measure.

Fermat’s Last Theorem says that there do not exist nonzero rational numbers  and y and an
integer n > 3, for which 2™ +y™ = 1. Analogous to the Fermat’s Last Theorem, there have been
similar function theory investigations, that is, do there exist meromorphic solutions to Fermat
type functional equation f™ 4 ¢™ = 1. In 1966, Gross [1] and Baker [2] proved that the equation

does not admit any nonconstant meromorphic solutions in the complex plane C if n > 3 and
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does not admit any entire solutions if n > 2. Since then, this question has aroused the interest
of many mathematicians, such as [3-10] and so on.
Consider the equation
f™(=2) +9"(z) =1, (1.1)
which can be regarded as the analogy of function theory to Fermat diophantine equation x™ +
y™ =1 over the complex plane C, where m,n > 2 are positive integers. In genearl, Eq. (1.1) has

no non-trivial entire solution provided m +n < mn (see [11]). In 1970, Yang [12] further proved

Theorem 1.1 Let m,n be positive integers satisfying % + = < 1. Then

1
m

a(z)f(2)" +b(2)g(z)™ =1 (1.2)
does not admit nonconstant entire solutions f(z) and g(z), where a,b are small function with
respect to f.

Under the assumption m > 2,n > 2, Yang’s result shows that Eq. (1.2) has no non-constant
entire solutions. The remain cases, however, are still open. Recently, some researchers began to
discuss equations in particular where g(z) has some special relationship with f(z) in Eq. (1.2).
Tang and Liao [13] extended a study work of the open problem due to Yang and Li [14] through
replacing g by f*) to investigate entire solutions of the following equation f(2)?4 P(z)f®*) (2)2 =
Q(z), where P, (Q are non-zero polynomials. Liu et al. [15] in 2012 took into consideration a type

of Fermat type differential-difference equation by changing ¢(z) to f(z + ¢),.

Theorem 1.2 ([15]) The equation
FE"+fE+e™ =1, (1.3)

has no transcendental entire solutions with finite order, provided that m # n, where n,m are
positive integers.
Further, Chen and Lin [3] investigated the non-existence of finite order transcendental entire

solutions of Fermat-type differential-difference equation

(f()f ()" + P2(2) f™ (2 + 1) = Q(2), (1.4)

where P(z) and Q(z) are non-zero polynomials, and proved the following result.

Theorem 1.3 If'm = n, then the Eq. (1.4) has no finite order transcendental entire solutions,
where m and n are positive integers, and n € C — {0}.

For more results related to differential or differential-difference of entire functions, we refer
the reader to the review article [9]. We know that the existence of solutions of a differential
equation is different from the existence of solutions of systems of differential equations. Thus,
the question: What is possible for the system of functional equations?

Inspired by Theorem 1.2, Gao et al. [16] considered the nonexistence of entire solutions of a

type of system of differential-difference equations of the form

{wj Wz ™ = Qul2), (15)
(@)™ iz + )™ = Qs (2),
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where Q;(2) (i = 1,2) are non-zero polynomials.

The order of growth of meromorphic solutions (wi(z),w2(z)) of system (1.5) is defined by

p = plwr, wz) = max{p(w1), p(ws)}-

Their result can be stated as follows.

Theorem 1.4 System (1.5) has no meromorphic solutions (w1 (z),w2(z)) with p(wy,ws) < 00
if one of the following conditions is satisfied:

(i) mimg > ning;

(ii)) m; > %

Regarding Theorems 1.3 and 1.4, the purpose of this paper is to investigate the existence of

entire solutions of system of equations of the form

{(f(Z)f’(Z))” ()™ (= ) = Qi(2), 1.6)
(9(2)g'(2)" + p3(2)f™ (2 + ) = Qa(2),
where Py (z),Q1(z), P2(2), Q2(2) are non-zero polynomials.
Theorem 1.5 The system of equations
{(f(Z)f’(Z))” +03()g" (2 + 1) = Qi 2), wn
(9(2)g'(2)" + P3(2)f™ (= + n) = Q2(2),

has no non-trivial transcendental entire solution (f(z),g(z)) with p(f,g) < oo such that A(f) <
o(f) and \(g) < o(g), where p1(z), Q1(2), p2(2) and Q2(z) are non-vanishing polynomials.

2. Preliminary lemmas

In order to prove our result, we need the following lemmas.

Lemma 2.1 ([12]) Let m,n be positive integers satisfying # + % < 1. Then there are no

non-constant entire solutions f(z) and g(z) that satisfy

a(z) f"(2) +b(2)g™(2) = 1.

Lemma 2.2 ([17]) If meromorphic functions f;(z) (j =1,2,...n) (n > 2) and entire functions
9i(2) (j =1,2,...n) (n > 2) satisfy the following conditions:

(1) X7, fje% =0;

(2) g; — g; are not constant for 1 < j <i <mn;

(3) T(r,f;) = o(T(r,e" %)) (r — oo,r ¢ E) for 1 < j <mn, 1 < h <l < n, where

E C (1,00) is of finite linear measure or logarithmic measure, then f; =0 (j =1,2,...,n).

Lemma 2.3 ([17]) Let f(z) be an entire function of finite order p with zeros{z1, z2, ...} C C—{0}
and a k-fold zero at the origin. Then f(z) = 2z*P(2)e?(®), where P(z) is the canonical product

of f(z) formed with the non-null zeros of f(z), and Q(z) is a polynomial of degree at most p.

Lemma 2.4 ([17]) Let f(z),g(z) be nonconstant meromorphic functions in the complex plane.
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If p(f) < p(g), then p(fg) = p(g).

Lemma 2.5 Let a(z), 3(z) be non-constant polynomials with deg(a(z)) = deg(5(z)) = d,d € N,
Aj(z) (j = 1,2,...,n+2) be meromorphic functions, and f;(z) = nf(z +n) + 2n(n — j)a(z),
7=0,1,2,....n, fuy1 = a(z+2n), fny2 = 0, where n > 2, n) is a nonzero constant, which satisfy
the following conditions:

(1) )25 Ajels = 0;

(2) T(r,A;) =o(T(r,e*))(r - oco,r ¢ E) for1 <j<n-+2.
Then Ap+1 =0or Apys =0.

Proof of Lemma 2.5 Suppose that a(z) = az?+---, B(z) =bz?+---, a#0,b#0.

Clearly, we see that deg(f; — f;) = d for i # j, where i,j € {0,1,...,n}. Further, if deg(f; —
fj) =dfori#j, 1,5 €{0,1,...,n+2}, then it follows from Lemma 2.2 that 4,11 = A, 12 =0.
In the following, we consider two cases:

Case 1. If there exists some j; € {0,1,2,...,n} such that deg(fj, — fnt+2) < d, then we have
nb + 2n(n — j1)a = 0, and hence b = —2(n — j1)a. We claim that there does not exist jo €
{0,1,2,...,n}, j2 # j1 such that deg(f;, — fn+1) < d. Otherwise, we have nb+ 2n(n — j2)a =a
such that a = 2n(j2 — j1)a, which is a contradiction. Thus, we have Z;;Bl Ajeli —l—zztrll Ajeli+
(Ajefin + A, 42) = 0. From Lemma 2.2, we have A, 11 = 0.

Case 2. If there exists some j; € {0,1,2,...,n} such that deg(fj, — fnt+1) < d, then nb+2n(n—
j1)a = a. Thus, we have nb = (1 —2n(n—j1))a. We claim that there does not exist f;, such that
deg(fj,—fnt+2) < d. Otherwise, we have (1-2n(n—ji1))a = —2n(n—jz)a, which is a contradiction.
Therefore, it follows that Zi!ol Ajeli + PO Ajeli + (A, + ApyrefriIn)eln + A0 = 0.
Then by Lemma 2.2, we have A, 42 =0. O

Lemma 2.6 Let a(z), 3(z) be non-constant polynomials with deg(a(z)) = deg(5(z)) = d,d € N,
Aj(z) (j = 1,2,...,m+ 2) be meromorphic functions and f;(z) = mja(z), j = 0,1,2,...,m,
fmt1 = mPB(2), fmi2 = mB(z) + 2a(z + n) where m > 3, n is a nonzero constant which satisfy
the following conditions:

(1) XI5 Ajels = 0;

(2) T(r,A;) =o(T(r,e*)) (r - oo,r ¢ E) for1 <j<m+2.
Then A,y1 =0 or Ayge = 0.

Proof of Lemma 2.6 Suppose that a(z) = az?+---, B(z) =bzl+---,a#0,b#0.

Clearly, we see that deg(f; — f;) = d for i # j, where 4,5 € {0,1,...,m}. Further, if
deg(fi — f;) = d for i # j, 4,5 € {0,1,...,m + 2}, then it follows from Lemma 2.2 that
Am+t1 = A2 = 0. In the following, we consider two cases:

Case 1. If there exists some j; € {0,1,2,...,m} such that deg(f;, — fm+2) < d, then we
have mjia = mb + 2a. We claim that there does not exist jo € {0,1,2,...,m}, jo # j1 such
that deg(fj, — fm+1) < d. Otherwise, we have mjaa = mb such that m(j1 — j2) = 2, which is
a contradiction. Thus, we have Z;;Bl Ajefi + ZZE Ajeli + (Aj efn=Imez + A, Lo)elmrz = 0.
From Lemma 2.2, we have A,, 11 = 0.
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Case 2. If there exists some j; € {0,1,2,...,m} such that deg(f;, — fm+1) < d, then we have
mjia = mb. We claim that there does not exist f;, such that deg(fj, — fm+2) < d. Otherwise,
we have m(jo — j1) = 2, which is a contradiction.

Therefore, it follows that

Ji—1
Z A eli + Z A ef] A1 +Ajlefj1*fm+1)efm+1 +Am+2efm+2 —0.
Ji+1

Then by Lemma 2.2, we have A,,12 = 0. O

3. Proof of Theorem 1.5

Suppose on the contrary that system (1.7) has a transcendental entire solution (f(z),g(2))

with A(f) < o(f) and A(g) < o(g), we will deduce a contradiction. From Lemma 2.3, we can set

f(2) = wi(2)e™®) g(2) = w(2)e™, (3.1)

where wi,ws are the canonical product of f and g, respectively. Therefore, by Lemma 2.1, we
only need to consider the following four cases.
Case 1. n=m = 1.

Then we can rewrite system of Eq. (1.7) into

{f(Z)f’(Z) +pi(2)g(z + 1) = Qi(2) (32)
9(2)g'(2) + P3(2) f (2 + 1) = Q2(2).
By calculation, we can get a new system of equations
{p?(Z)g(z +n)g'(z+n) = g'(z+n0)(Q1(2) — f(2)f'(2)) (3.3)
pi(2)g(z +n)g' (= +n) = p1(2)(Q2(2 + 1) — p3(z +n) f(2 + 2n)).

Thus, Eq. (3.3) leads to
9 +n)(f'(2)f(z) = Qu(2)) = pi(2)p3(z + ) f (z + 2n) — pi(2)Qa(z + ). (34)
Substituting (3.1) into (3.4), we get
(wh(z + 1) + wa(z + n)ad(z +m))e > (w1 (2)e™ ) (wy (2) + wi(2)a] (2))e™ ) — Q1(2))
= pH(2)p3(z + Mwi (2 + 20)e™ T2 — pl(2)Qa(z + n). (3.5)
For convenience, rewrite Eq. (3.5) into
A(2)B(z)e? 1) a2z _ A(2)Qq(2)e®2 G+ = O(2)e® (320 4 N(2), (3.6)
where
A(2) = wy(z + 1) + w2z + n)ay(z + 1), B(z) =wi(z)(wi(2) +wi(2)a)(2)),
C(2) = pi(2)p3(z + mwi(z + 2n), N(z) = —p1(2)Q2(z +1).

Next we discuss the following three subcases.
Subcase 1.1. deg(ai(z)) > deg(az(2)).
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Rewrite (3.6) as
A(z)B(z)eQal(zH‘”(””) = C(z)eo‘l(z+2”) + (N(Z)e—az(ZHz) + A(Z)Ql(z))e“2(z+”).

Set f1(z) = 2a1(2) +az(z+n), f2(2) = az(z+n), and f3(z) = a1 (z+2n). Then we have f; — f; #
constant for 1 < i < j < 3, and the coefficients N (2)e™*2G+7 + A(2)Q1(z2), A(2)B(2), and C(2)
are still small functions of efi=/i, 1 < i < j < 3. Therefore, by Lemma 2.2, we have C(z) = 0,
so that wy(z) = 0, which contradicts that f(z) is a nontrivial solution.

Subcase 1.2. deg(ai(z)) < deg(az(2)).

Rewrite (3.6) as

(A(2)B(2)e?*1 ) — A(2)Q1(2))e*2HM = C(2)e® +21) L N(2). (3.7)

Set M(z) = A(2)B(2)e2*1(*) — A(2)Q1(2).
If M(z) # 0, by Lemma 2.4, we have

p(M (2)e22H) = p(e2(41)) > p(es(+1)) = p(C(2)e™ C421) 4 N{(2))

and hence Eq. (3.7) cannot hold.

If M(z) =0, by Lemma 2.2 we get N(z) = 0,C(z) = 0, which contradicts that N(z) is a
non-zero polynomial.

Subcase 1.3. deg(aq(z)) = deg(az(2)).

We set ap(z) =az"+ -+, ag(2) =bz" 4+ -+, a#0,b# 0, and f1(2) = 201(2) + aa(z + 1),
f2(2) = a2z +m), fs(z) = aa(z + 2m), fu(z) =0.

Clearly, we have f1(z) = (2a+b)z"+- -, fa(z) = bz"+- -+, f3(2) = az"+---, and f4(z) = 0.
Now we need to treat the following cases.

If a # —g, a # —b, a # b, by Lemma 2.2 and Eq. (3.6), we get N(z) = 0, which contradicts
that N(z) is a non-zero polynomial.

If a = b, then we rewrite (3.6) as
A(2)B(z)e2Etm—a1(2)gden(z) _ (A(2)Qy(z)e2EHM=a1(zH2m) 4 0(2))e G+ = N(2). (3.8)

We note that max{deg(az(z +n) — a1(z)),deg(aa2(z + 1) — a1(z + 2n))} < n. Thus by Lemma
2.2 and Eq. (3.8), we get N(z) = 0, which contradicts that N(z) is a non-zero polynomial.

If a = —b, then we rewrite (3.6) as
(A(2)B(2)e™2ztmten(®) _ g(z)emEHm=erl2))em(®) _ A(2)Q:(2)e2* T = N(z).  (3.9)

By Lemma 2.2, we get N(z) = 0, which contradicts that N(z) is a non-zero polynomial.

If a = -5, then we rewrite (3.6) as
— C(2)e M) _ A(2)Q1(2)e®2FH = N(z) — A(2)B(z)e*?), (3.10)

where ag(z) = 2a1(z) + az(z + 1), and deg(as(z)) < deg(wi(z)). By Lemma 2.2, we have
A(2)Q1(z) =0, C(z) = 0, which contradicts that C(z) is a non-zero polynomial.
Case 2. m=1,n > 2.
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Thus, by (1.7) we have

{(f(Z)f’(Z))" +3(2)9(z + 1) = Qu(2) (3.11)
(9(2)g'(2))" +p3(2) f(2 + 1) = Q2(2).
From system (3.11), we get a new system of equations
{ () gz + gz +m)" = (g (= +m)" Q=) — (F()F ()" (3.12)
(=) (9(z +m)g (2 +m)" = pi"(2)Q2(z + 1) — pi™(2)p3(z + 1) f (2 + 21).

Then Eq. (3.12) leads to

1(2)Q2(z +n) = pi" ()3 (2 + ) f (2 +20) = (¢ (2 +m)" (Qu(2) — (f(2)f'(2)")"
and hence we get
A(2) + B(2) f(z +2n) = (9'(z + )" (N (2) = (f(2).f'(2))")",
where A(2) = p?"Q2(z + 1), B(2) = —p?p2(2 + 1), N(z) = Q1(z) are polynomials.
Combining this and (3.1), we have
A(2) + B(z)wi (2 + 20)e 720 =((w)(2 + 1) +wa(z + m)ap (2 +n))e )"
(N(2) = (wi(2) (@] (2) +wi(2)af () E))n (3.13)
We can rewrite Eq. (3.13) as
A(2) + B(2)wi (2 + 2n)e® T2 = M (2)e" 2T (N (2) + C(2)e2rr ()ym, (3.14)

where M (z) = (wy(z + 1) + wa(z + n)ay(z +1)", C(2) = —(wi(2)(wi(2) + wi(z)a)(2)))"
Next we discuss the following three subcases.
Subcase 2.1. deg(a;(z)) > deg(az(z)).

Based on the binomial decomposition, we can rewrite Eq. (3.14) as
ne
B(2)n (2 + 20)e H) <M (2)em2 G 3 (C (N ()3 (C(2)" =)

(—A(z)e_"‘”(z"’”) + M(Z)N"(z))e"a2(2+n). (3.15)

Set frr1 = a1(2+2n), fj = naa(z+n)+2n(n—j)ai(z), 7 =0,1,2,...,n—1, f,, = naz(z+n). So
we have f; — f; # constant for 0 <4 < j <n+1and —A(z)e 2+ 4 M (2)N"™(2), B(2)w: (2 +
2n), (N(2))?(C(2))"~7 M(z) are still small functions of e/i=%i 1 <i < j <n+1. By Lemma 2.2,
we get B(z) = 0, which contradicts that B(z) is a non-zero polynomial.

Subcase 2.2. deg(ai(z)) < deg(az(2)).

Set f1 = a1(2+2n), fa = nas(z+n), f3 =0, H(z) = (N(2)+C(2)e2"*1 (=) Then Eq. (3.14)
becomes

A(2) 4 B(2)wi(z 4 2n)ef®) = M(2)H(z)ef2*).

We have f; — f; # constant, 1 < i < j < 2, and A(2)e™(*) + B(2)wi(z + 2n), H(2)M(2) are
still small functions of efi=fi, 1 <4 < j < 2. By Lemma 2.2, we get B(z) = 0, which contradicts

that B(z) is a non-zero polynomial.
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Subcase 2.3. deg(ai(z)) = deg(az(2)).
Set

frrr=01(z+2n), foi2 =0, fj =naa(z+n) +2n(n —jlaa(z), j=0,1,2,....n
and a1(z) =az™+ -+, aa(z) =bz"+ -+, a#0,b #0.
Based on the binomial decomposition, we rewrite Eq. (3.15) as
B(2)wi(z + 2n)el+12) 4 A(z)efr+2(2) = Y7 o Bj (z)efi(®), (3.16)

where Bj(z) = CJ(N(2))/(C(z))" 7.

By Lemma 2.5, we have A(z) = 0 or B(z)w1(z + 2n) = 0, which contradicts that A(z), B(z)
are non-zero polynomials.

Case 3. n=1,m > 2.

System of equations can be rewritten as

{f(Z)f’(Z) + P ()97 (= ) = Qu(2) (3.17)
9(2)g'(2) + p3(2) [ (2 + 1) = Qa(2).
From (3.17), we get a new system of equations
{p%w (9= + 1)/ 4 m)™ = (o' (= + m)™(@u(2) — F)7'(2) 1)
pi(2)(9(z +m)g' (= + )™ = p(2) (Q2(2 + 1) — P3(2 + 1) f™ (2 + 2n))™.

By calculation, we get
p1(2)(Q2(z + 1) = p3(z +m) (2 +20)™ = (¢'(z + )™ (Q1(2) — [(2)f'(2)). (3.19)
Substituting (3.1) into Eq. (3.19), we have
(@h(z + 1) + w2z + n)ab(z + 1) EFM)™(Q1(2) — wi(2)e™ ) (w] (2) + wi (2)a)(2))e™ )
= p1(2)(Qa(z +n) — P3(z + i (z + 2p)em GH2D)™, (3.20)
We rewrite Eq. (3.20) as
A (2)em 2D (B(2)e* ) — Qu(2)) = pi(2)(Qa(z + 1) — C(z)em = H2mym, (3.21)

where A(z) = wh(z + 1) + wa(z + n)ay(z + 1), B(z) = wi(z)(wi(z) + wi(2)e)(2)), C(z) =
p3(z + nwi*(z + 21).

We need to treat three subcases:

Subcase 3.1. deg(aq(z)) < deg(az(2)).

If A™(2)(B(2)e?***) — Q(2)) =0, then (Qa(z + 1) — C(2)em*1E+2M)ym = (. Based on the
binomial decomposition and Lemma 2.2, we get Q5*(z+n) = 0, which contradicts that Q2(z+n)
is a non-zero polynomial.

If A™(2)(B(2)e?**(*) — Qy(z)) # 0, then by Lemma 2.4, we have

PA™ (2)eme2 0 (B(2)e214) — Q4 (2))) = p(e2)
> () = (R (2) (Qale + 1) — Cla)emerFH20ym), (3.22)

which is a contradiction.



Non-existence of entire solution of a type of system of equations 221

Subcase 3.2. deg(ai(z)) > deg(az(2)).

Based on the binomial decomposition, Eq. (3.21) can be written as

Am (Z)B(z)ema2(z+n)+2a1(z) _Am (Z)Ql(z)emOLQ(ZJr’n)
=) D CL@s " (2 + )7 (2)em =, (3.23)
r=0

Set
fi=mjai(z+n), 7=0,1,2,....m, frp1=maz(z+n), frmt2=maz(z +n)+ 201 (2).

If m > 2, then for ¢ # j we have deg(f; — f;) = deg oy, where ¢,5 € {0,1,...,m+2}. Clearly,
A™(2)B(2), p?(2)QY " (2 +1)C"(2), A™(2)Q1(2) are still small functions of efi=fi. Therefore,
by Lemma 2.2 we get Q1(z) = 0. Since 1 (z) is a non-zero polynomial, we obtain a contradiction.

If m = 2, then from Eq. (3.23) we obtain

A2 (Z)B(Z)e2a2(z+n)+2a1(z) _ A2 (Z)Ql(z)e2a2(z+n)
= 23(2)Qa(z + MC(2)e* EF 4 PR () C(2)e 1 T 4 pR(2)Q5 (= + ).
Hence, we get

PRI 1 (R (2)QF(= + me 2020 1 A2(2)Q, (2))e2 0+
(20 (2)Qa(z + MC(z) — A2(2) B(e)e2o2(Hm A 2ea(eam) 2aa(4n) — g (3.94)

Set f1 = 2aa(z+ 1), fo = 2a1(z+n) and f3 = 4day(z +n). Clearly, deg(f; — f;) = degay for
i # 7, and C?(2),
Pi(2)@3(z +m)e 22t 1+ A%(2)Qu(2),
W)@z + MO(2) — A2(2) B(2)e2 (402 ()2

are still small functions of /i =%, 1 <i < j < 3. By Lemma 2.2, we get p?(2)C(z) = 0, which
contradicts the fact that p;(z), p2(z) are non-zero polynomials.

Subcase 3.3. deg(ai(z)) = deg(az(2)).

It follows from Eq. (3.21) that

Am(Z)B(Z)ema2(z+n)+2a1(z) _ Am(Z)Ql(Z)emag(z-i-n)

=p3(2) Z Cr QU =" (2 +n)CT (z)emrea(ztm, (3.25)
r=0

Let
fj - mjal(z+77)a J=0,1,2,....m, fm+1 = mOé2(Z+77)a fm+2 = ma2(2+77) +2a1(z)
and suppose that ay(z) =az" + -+, az(z) =bz"+---,a #0, b #£ 0.

In the following, we discuss two cases.
Subcase 3.3.1. m > 2.
Rewrite Eq. (3.25) as

A™(2)B(2)elm23) — A™(2)Q1(2)e! ) = pi(2) Y Bp(2)e! ), (3.26)

=0
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where B, (z) = C], Q5 " (z + n)C"(2).

If A(z) = 0, then by Lemma 2.2 we have C], Q5" (2 +n)C"(z) =0 for r = 0,...,m. If
B(z) = 0, then by Lemma 2.2, we also have for some r, C, Q5" (z +1n)C"(z) = 0. Thus, we
have Q2(z) = 0 or C(z) = 0. This is a contradiction. If A(z) # 0, B(z) # 0, then by Lemma 2.6,
we still have A™(z)B(z) =0 or A™(2)Q1(z) = 0. Clearly, it is impossible.

Subcase 3.3.2. m = 2.

Rewrite Eq. (3.25) as

A2 (Z)B(Z)GQOQ(ZJF”I)JFQOQ(Z) ( )Ql( ) 2 (241)
— Qp%(Z)QQ(Z 4+ 77)0(2)62a1(z+77) +p? (2)02(2)64a1(z+ﬁ) + p%(z)Q%(z + ,'7). (3.27)

We set ay(z) = az" + -+, as(z) =bz"+ -+, a # 0, b # 0, and fl( ) = 2a2(z + 1) + 2041(2),

f2(2) =202(z + ), f3(2) = 201(z + 1), fa(z) =4a1(z + 1), f5(z) =
If a # —b, a # b, by Lemma 2.2, we get p?(2)Q3(z +n) = 0. It is a contradiction because

p1(2), Q2(z +n) are non-zero polynomials.
If a = —b, we rewrite Eq. (3.27) as
A% (2)B(2)e*®) — A2(2)Qu (2)e? =547
= 2p}(2)Qa (2 +m)C(2)e” 1 4 pP(2) O (2)e* ™ T 4 p} (2)Q3(= + m), (3.28)
where a3(z) = 2aa(z + 1) + 2a1(z), and deg(as(z)) < deg(ai(z)). By Lemma 2.2, we get
Q3(z +n) = 0, which contradicts that Q2(z + 7) is a non-zero polynomial.
If a = b, we rewrite Eq. (3.27) as
— REQUEE = (R + M) + A Qs () e sy
p3(2)C%(2)et 1 G L p2(2)Q3(2 + 7). (3.29)
By Lemma 2.2, we get p3(2)C?(z) = 0, which is a contradiction.
Cased. n=m = 2.
Clearly, from (1.7), we have

{(f(Z)f’(Z)); + P ()9 (= + 1) = Qu(2) (3:30)
(9(2)d'(2))” + p3(2) f2(2 + 1) = Qa(2).
Then it follows from Lemma 2.3 that

F(@2)f'(2) +ip1(2)g(z +n) = My(2)e™ 3,
F(2)f'(2) —ip1(2)g(z +m) = Ma(2)e M), (3.31)
9(2)g'(2) + ip2(2) f(z + n) = M3(2)eh=(2), '
9(2)g'(z) —ip2(2) f(z + 1) = My(z)e 2(2),

where Mi(2)Ma(z) = Q1(z), M3(2)My(z) = Q2(2), and Mi(z), Ma(z), Ms(z) (), hi(2)

ha(z) are nonzero polynomials.
From (3.31), we get

(3.32)
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My(2)eM ) + My(z)e ()

f(2)f'(2) = 5 : (3.33)
Ms(2)eh2) — My (z)e=h2()
z4+n)= - , 3.34
Flz+m) . (3.31)
My(2)eh) + My(z)ea0
/ _
o)/ (= 1) = s . (3.35)
By (3.34) t f(z) = Molemnpel 22 e Malam)e 120
y (3.34), we get f(z) = s le) .
We rewrite f(z) as
f(z) = Ma(2)e"C=M 4 Mg(z)e 2=, (3.36)
M3 (z— My (z—
where M7(z) = %, Ms(z) = 21.;2((2_2])).
Differentiating (3.36), we get
f(2) = Ms(2)em2=m 4 Mg (z)e~h2(z=m) (3.37)
where
Ms(z) = M3 (z — n)pa(2) + Ms(z — n)p2(z — n)hs(z —n) — pa(z — n)Ms(z — n)
2ip5(z — )
and

M(2) = My(z = mhy(z —n)pa(z —n) — Mé(z —mp2(z — 1) + Ma(z = m)py(2 — 1)
2ip3(z —n)
Since M35(z),q(2), ha(z —n) are nonzero polynomials, we have deg(Ms(z — n)p2(z — n)hb(z —
1)) > deg(Mj(z — n)p2(2)) and deg(Msz(z — n)p2(z — n)hs(z —n)) > deg(ph(z — n)Ms(z — n)).
Clearly, M5(z) # 0. Similarly, we have Mg(z) # 0.
Combining (3.36) and (3.37), we get

F(2)f/(2) = Ms(2)M7(2)e?"2 = + Mg (2) Mg(2)e 2271 4 My (2), (3.38)

where My(z) = Ms(z)Mg(z) + Mg (z)M7(2).
From (3.33) and (3.38), we have
My(2)eM ) + My(z)e M)
2

Now let f1(2) = 2h2(z — ), f2(2) = —2h2(z —n), f3(2) = hi(2), fa(z) = —ha(2), f5(2) = 0.
Then Eq. (3.39) can be rewritten as

Ms(2) My (2)e?2E=m 4 Mg (2) Mg(z)e™2h2G=1 4 My(z) =

. (3.39)

My(2)eC) 4 My(2)ehi ()

M (2)M7(2)e/* ) + Mg(z)Ms(2)e>®) 4+ My(z) = 5

(3.40)

Now we need to treat two cases:

Subcase 4.1. deg(hi(z)) > deg(ha(z)) or deg(hi(z)) < deg(h2(z)). By Lemma 2.2, we get
M5 (2)M7(z) = 0, which is a contradiction.

Subcase 4.2. deg(h1(z)) = deg(ha(z)). We set ha(z) = az™ + -, hi(z) =bz" +---, a # 0,
b#0.

If 2a # b, 2a # —b, then by Lemma 2.2, we get M5(z)M7(z) = 0. Clearly, it is a contradiction.
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If 2a = b or 2a = —b, by Lemma 2.2, we get Mg(z) = 0, and hence Ms5(z)Ms(z) +
Thus, (M3ps + Mspahly, — p’2M3)(—%) = (Muhbhps — Mps + M4p’2)(%). It follows that

2MsMyhl, = MsM}) — MMy, which is impossible. The proof of Theorem 1.5 is completed. O
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