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Abstract In this paper, cohyponormal weighted composition operators on the Fock space over
CV are characterized completely. We also consider a class of weighted composition operators on
the Fock space over C which are both posinormal and coposinormal. As an application, we
obtain the characterization of hyponormal, cohyponormal, posinormal and coposinormal com-
position operators on the Fock space over CV.
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1. Introduction

Let CN (N > 1) be the N-dimensional complex Euclidean space and dmgn be the usual area
measure on CV. For z,w € CV, z - w denotes the dot product in C¥ and |z|> = z - 2. The Fock

space F2 over CV is the Hilbert space of analytic functions f on C" with inner product

1 — _1z? o

(fr9) = W[CN f(z)g(z)e” 2 dman(2), f,g€ F".

F? is a reproducing kernel Hilbert space with reproducing kernel functions
Ky(z)=e¢?, w,zecCV.

Let k,, be the normalization of K,,, that is,

K, (z) zw_ |wl?
—e 2 1
1wl

ku(z) =

Fock space is not only an important space of analytic functions, but also plays an important
role in quantum physics, harmonic analysis, and partial differential equations. We refer readers
to the book by Zhu [1] for more information on the Fock spaces over C and operator theory on
them.

Received February 27, 2023; Accepted September 26, 2023

Supported by the National Natural Science Foundation of China (Grant No. 12271134), Shanxi Scholarship Council
of China (Grant No. 2020-089) and Program of Graduate Bilingual Curriculum Construction in Shanxi Normal
University (Grant No. YJSSY201903).

* Corresponding author

E-mail address: lixialx@sina.com (Lixia FENG); liankuozhao@sina.com (Liankuo ZHAO)



240 Lizia FENG and Liankuo ZHAQO

Let ¢ € F? and ¢ be an analytic self-map of CV. The weighted composition operator Cyo
on F2 induced by 1, ¢ is defined as

Copf =0(fow), feF

If ¥(z) = 1, then Cy , is the composition operator C,. If ¢(z) = z, then Cy ., is the multi-
plication operator M. Due to the Liouville Theorem, it is well-known that M, is bounded on
F? if and only if v is constant. The boundedness and compactness of composition operators on
F? were characterized by Carswell, MacCluer and Schuster [2], in which it was first established
that a composition operator C, is bounded on the Fock space over CV, then ¢(z) = Az +b
with A an operator on CV and b € CV. In 2007, Ucki characterized bounded and compact
weighted composition operators on F? by properties of the corresponding Berezin transforms
of the operators [3]. In 2014, Le gave new and simple characterizations for bounded and com-
pact weighted composition operators on F?2 in the case of N = 1 (see [4]), in which it was first
proved that if Cy ,, is bounded on F?2, then ¢(z) = az + b for some a,b € C. Le’s results were
extended completely to the case of several variables in [5] and the norms and essential norms
of weighted composition operators on Fock spaces are also estimated [5]. Normal and isometric
weighted composition operators on F?2 in the case of N = 1 were also completely characterized
in [4]. We should note that many ideas in [4] play an important role in the characterization
of a great variety of weighted composition operators on F2 later. Unitary, normal, isometric,
invertible and Fredholm weighted composition operators on F? over CV and their spectrum are
characterized completely [6-10]. In [11], complex symmetric weighted composition operators on
F2 over CV are considered. The (weighted) composition operators on Fock-type spaces are also
studied [12,13].

In this paper, we study cohyponormal weighted composition operators on F2 and extend the
corresponding result [14, Theorem 2.6] in the case of C to the case of CV. We also consider a
class of weighted composition operator on F2? which are both posinormal and coposinormal.

Recall that a bounded linear operator 7" on a Hilbert space H is said to be hyponormal if
TT* <T*T.
If T is hyponormal, then T is called cohyponormal, that is 7T < T'T*. Moreover, T is called
posinormal if there exists a positive operator P on H such that
TT* =T"PT.

If T* is posinormal, then we say that T is coposinormal. Posinormal operators and coposinormal
operators are introduced by Rhaly firstly in [15]. In [15], Rhaly gives some useful equivalent
characterizations for posinormality. In particular, T is posinormal if and only if there exists a
positive constant A such that

TT* < \T*T.

It follows that hyponormal operators are posinormal operators. Obviously, hyponormality and

posinormality are unitary invariants.
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Since it follows from [4, Proposition 2.1] and [10, Proposition 7] that if Cy, ., is bounded on
F?2, then there exists an operator A on CV with the norm of A, |A| <1 and b € CV such that

o(z) =Az+b, zeCN,

in the following, we always assume that ¢(z) = Az + b with A an operator on CV, |A| < 1 and
beCN.

Now we state the main results in this paper.

Theorem 1.1 Let ¢ € F?, 1) # 0 and p(z) = Az + b, where A is an operator on CN with
|A| <1 and b € CN. Suppose that Cy , is bounded on F2. Then the following statements are

equivalent:

(i) Cy,e is cohyponormal;

(ii) Cy,e is normal;

(iii) A is normal on CN and there exists a vector ¢ € CN and a nonzero constant s such that
P(z) = sK.(z) and Ac+ b= A*b+ ¢, |b] = |c|.

Theorem 1.2 Let 1(z) = K.(z) and p(z) = Az + b, where A is an operator on CV with
|A] <1 and b,c € CV. Suppose that Cy,» is bounded on F2. Then the following statements are

equivalent:

(i) Cy,, Is posinormal;

(ii) Cy,e is coposinormal;

(iii) A is normal on CV and Ac +b = A*b+ c. In this case,
[bf* — |c]?

2
Corollary 1.3 Let ¢(z) = Az + b, where A is an operator on CV with |A] < 1 and b € CV.

Suppose that C,, is bounded on F 2. Then the following statements are equivalent:

C’@Z,,L,,C’;Z’(/J = exp( )Cz7¢0w,¢.

(i) Cy is hyponormal;

(ii) C,, is cohyponormal;

(iii) C, is posinormal;

(iv) Cy is coposinormal;

(v) C, is normal;

(vi) A is normal on CV and b = 0.

Although Theorem 1.1 and Corollary 1.3 show that except the normal (weighted) composition
operators, there are no nontrivial cohyponormal weighted composition operators and posinormal
(coposinormal) composition operators on the Fock space, Theorem 1.2 implies that there exist
nontrivial posinormal and coposinormal weighted composition operators on the Fock space. For
more information on hyponormal, cohyponormal, posinormal and coposinormal (weighted) com-
position operators on other analytic function spaces such as Hardy spaces and Bergman spaces,

see [16-21] and the references therein.
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2. Proof of main results

In this section, we begin gathering some elementary properties of weighted composition op-

erators on F2. Then we give proofs of main results.

Lemma 2.1 Let 91,1, € F? and @1, ps be analytic self-maps of CN. If Cyr o1y Ca,pn are
bounded on F?, then
Cr.01Cpa0r = Oy -(g2001), p20p1-
Lemma 2.2 Let ) € F? and ¢ be an analytic self-map of CN. If Cy.p is bounded on F?, then
for any z € CV,
Coo Bz = V() Koe):

Lemmas 2.1 and 2.2 are well-known and the conclusions hold in any Hilbert space with repro-

ducing kernels. The following result follows in [10, Lemma 6, Proposition 7]. For completeness,

we give a brief proof here.

Lemma 2.3 Let ) € F% 1) # 0 and ¢(z) = Az +b, where A is an operator on CV with |A| < 1
and b € CN. Suppose that Cy , is bounded on F2. If |A¢| = |€] for € € CV, then there exists a
constant s(§) € C such that

A€ - 2
vel) = (ue) =€) exp(~ 25 2u — ) e
As a consequence, 4
b
9(€) = () exp(~252) (21)

Proof Since Uy, is bounded, there exists a positive constant M such that for any w € CN,

[P@)PI K oI = 1€} p Kull® < M| K.

2

It follows from the facts || K, ||? = e and p(w) = Aw + b that

|Aw + b|2 |wl|?

< N
5 2)Mw€(C

[ (w)[* exp(

that is
|0

Aw w|? — |Awl]?
) exp(2 Y 4 P2 < gy AVE

Assume |A¢| = || for € € CN. If € = 0, then ¢ (u) = (0) for any u € C. In this case, take
2
s(&) = w(O)e%. If [£| # 0, then by (2.2), ve(u )exp(ﬂu + %) is a bounded analytic function

on C. Hence there exists a constant s(¢) such that

), weCN, (2.2)

A b|?
velmyesp(25 L+ ) — e
That is et op
Ve(u) = S(é)exp(—gTu - ) ueC
Let u =0 and u = 1, respectively. Then we have ¢ (0) = s(&) exp(— |b‘2) and
A€ b

P(€) = ?/J(O)GXP(*T)- O
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Lemma 2.4 Let ¢(z) = Az + b and ¥(z) = K.(z) with A an operator on CV, |A] < 1 and
b,c € CN. Suppose that Cy,,, is bounded on F?. Then Cho = Cyy iy With

V1(2) = Kp(2), o1(2) = A*24¢, z€ CV,

Proof Since

(O oK) (w) = P(w) K, (p(w)) = exp(w2~ c. (Aw J; b) - z)
b-z  w-(c+A*z)
(- )

Kb(Z)KA*ZJrC(w)’

@

we have

Cp oK = Ky(2)K v oper
Therefore, for any f € F?,
(Chpf)(2) = (Cy o f, K2) = ([, Cy o K2) = Ki(2) f(A72 + ¢) = (Cpy 0, f)(2). O
For p € CV, let k, be the normalization of K, ¢,(z) =z —p, 2 € CV and U, = Chpop-
Lemma 2.5 ([7, Proposition 2.3]) U, is a unitary operator on F* and U, ' = U_,,.

Lemma 2.6 Let 1) € F2, 1 # 0 and ¢(z) = Az +b, where A is an operator on CV with |A| < 1
and b € CN. Suppose that Cy,, is bounded on F2. There there exist ¥ € F2, d € CN and
®(z) = Az +d such that Ad = d and Cy,, is unitarily equivalent to Cy .

Proof Let
b=c+d, ccran(I—A),dc (ran(I — A))*.

Then there exists a vector p € CV such that (I — A)p = c.

Denote ® = gpp,opop_,and WV =k_p, - (voyw_p) - (kpopow_p). Then

D(2) =@z +p) —p=Alz+p) +b—p=Az+d

and Ad = d since d € (ran(I — A))* = ker(I — A*) and |A| < 1 (see [8, Lemma 2.8]).

By Lemma 2.1,

U—pCyp.oUp = Cr_,(op_,) (kpopop_p)epopop—, = Cv o

It follows from Lemma 2.5 that Cy  is unitarily equivalent to C'y ¢. O

Now we present proofs of our main results.

Proof of Theorem 1.1 Let ¢ € F2, v # 0 and p(z) = Az + b, where A is an operator on CV
with |A| <1 and b € CV. Suppose that Cy,» is bounded on F2. By Lemma 2.6, without loss of
generality, we assume that Ab = b.

If Cy,, is cohyponormal on F2, then

1C o BlI* < 1C5 LI |1* = [ (D) K )| (2:3)
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Since Ab = b, applying Eq. (2.1) in Lemma 2.3, we have
Ab-b |b|?

Y(b) = 9(0) eXP(—T) =1(0) GXP(—T)-

Since ¢(b) = 2b, the right hand side of formula (2.3) becomes
[4(b)[? exp(2[b]*) = [1(0)[ exp(—[b[*) exp(2[b[*) = [¢(0)|* exp([b]*).
Define

Then

Formula (2.3) then says
IF]|* < |F(0).

This implies that F must be a constant function and hence

¥() = FOK-1(p(2)) = 0(0) exp(L )y (42 +1)
(0) exp b]? + (Az2—|— b) - (—b))
O exp( 22,

() exp(*—2)

(0
(0
(0
BO)K_y(z), = €CN.

Since
(I = A)b=(I = A)(=b) =0, |=b[=]o],
it follows from [8, Theorem 1.1] that Cy, ., is normal. (i) = (ii) is proved. (ii) = (i) is obvious.
Hence (i) is equivalent to (ii).
The equivalence of (ii) and (iii) follows from [8, Theorem 1.1]. We complete the proof of
Theorem 1.1. O

Proof of Theorem 1.2 Let ¥(z) = K.(z) and p(z) = Az + b, where A is an operator on
CN with |A| < 1 and b,c € CVN. Suppose that Cy ., is bounded on F2. Then by Lemma 2.4,
Cy o = Cyy o with
V1(2) = Kp(2), p1(2) = A*z24¢, zeCV,
Hence by Lemma 2.1,
C:LWC?/MP = Cy1,0:Cprp = Cyy-propr, 0001 5
Cw,vciz,w = CypCy1 01 = Cyiprop,pi00-

A direct computation shows that

U(z) = (1P o@1)(2) = ¥1(2)Y(p1(2)) = Kp(2)Ke(A™2 + ¢)
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z:b (A*z24c¢)-c z-(Ac+Db) ﬁ

= eXP(T + 5 ) = eXp(f T )
= exp %KAC_H,(z), (2.4)
D(2) = (9o p1)(2) = pl1()) = A(A™ + ) + b= AA™ + Ac+b, (2.5)

U1(2) i= (¥ - 1o 9)(2) = ¥(2)P1(p(2)) = Ke(2)Kp(Az + D)

- exp(% n W) - exp(w n %)
= exp %KA*HC(Z), (2.6)
D1(2) :=(p1op)(z) =p1(p(z)) = A" (Az+b)+c=A"Az+ A*b+ ¢ (2.7)

and

<C1>Z,<pc’¢,<PKw7Kw> = <C\I/,<I>Kw7Kw> = <Kwa C$,¢Kw>

= (Ko, ¥(w) Ko (w)) = ¥(w) Ku(®(w))
> w-(Aec+b)  (AA*w+ Ac+b) - w

S T R 2 )
2 . . *, 02
:exp(%er (Achb);r(Achb) w+|A2w| )

<C¢7<PC;/:,LPK1U7KM> = <C\P17<I>1KwaKw> = <vac$1,<I>1Kw>

= (Ku, V1(0) Ko, (w)) = V1 (w) K (P1(w))
[b* | w-(A*b+c) N (A*Aw + A*b+¢) - w

= exp(=, ) ) )
2 . * * . 2
:exp(|b2| LY (A b+c)42r(A b+c) w+|A;u| )

If Cy,, is posinormal, then there exists a positive constant A such that
CuipCihp < A0 o Cu-

So for all w € CV,
b2 w-(A*b+c)+ (A*b+c)-w  |Aw|?

2 (A A . A* 2
< e 4w At + (Actb)w | A
2 2 2
That is
2 _ 2 L ((A* — (A A* — (A . A 2_A* 2
exp(|b| le)? +w - ((A*b+c) — ( c+b))+((2 b+c)— (Ac+0b)) - w+ |Aw|? — |A*w| ) <A
(2.8)

By the arbitrariness of w € CV, it follows that
[ Aw|* — [A"w|* <0,

which implies that A is a cohyponormal operator on CV. It is well-known that an operator on

C¥ is hyponormal (cohyponormal) if and only if it is normal. Hence A is normal. Then by the
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normality of A and (2.8), we have
w- ((A"0+¢) — (Ac+b)) + (A0 +¢) — (Ac+b)) - w=10

for all w € CV. Tt follows that
Ac+b= A"b+c.

Therefore, (iii) follows from (i).
Similarly, we can obtain that (ii)=-(iii).
If (iii) holds, then by (2.4)—(2.7), we have

CBE e B
exp(- 201 = exp(—LLyw(e), 04() = 000,
%0 b2 f?
* c *
eXP(*T)Cw,«:Cw,q: = eXP(*T)Cw,q;Cw,w-

Therefore, Cy ,, is both posinormal and coposinormal. (iii) = (i) and (ii) follows.

The proof is completed. O

In the last, we give a sketch for the proof of Corollary 1.3.

Let ¢(z) = Az+b, where A is an operator on C¥ with |4] <1 and b € CV. Suppose that C,,
is bounded on F2. Under these conditions, the statement (iii) in Theorem 1.2 is equivalent to
that A is a normal operator on CV and A*b = b. On the other hand, it follows from [22, Lemma
5.2] that b € ker(I — A*)* if C,, is bounded on F? with ¢(2) = Az +b. Therefore, the statements
(iii) in Theorem 1.2 is reduced to the statement (vi) in Corollary 1.3. The equivalence of (v) and
(vi) in Corollary 1.3 is well-known [23, Lemma 2.4]. Based on the reasoning above, Corollary 1.3

easily follows from Theorem 1.2.
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