Journal of Mathematical Research with Applications
Mar., 2024, Vol. 44, No. 2, pp. 248-268
DOI:10.3770/j.issn:2095-2651.2024.02.011
Http://jmre.dlut.edu.cn

Unconditional and Optimal Pointwise Error Estimates of
Finite Difference Methods for the Two-Dimensional
Complex Ginzburg-Landau Equation

Yue CHENG"*, Dongsheng TANG?
1. School of Mathematics and Statistics, Nantong University, Jiangsu 226019, P. R. China;
2. Jiangsu Xinhai Senior High School, Jiangsu 222005, P. R. China

Abstract In this paper, we give improved error estimates for linearized and nonlinear Crank-
Nicolson type finite difference schemes of Ginzburg-Landau equation in two dimensions. For
linearized Crank-Nicolson scheme, we use mathematical induction to get unconditional error
estimates in discrete L? and H' norm. However, it is not applicable for the nonlinear scheme.
Thus, based on a ‘cut-off’ function and energy analysis method, we get unconditional L? and
H*' error estimates for the nonlinear scheme, as well as boundedness of numerical solutions. In
addition, if the assumption for exact solutions is improved compared to before, unconditional and
optimal pointwise error estimates can be obtained by energy analysis method and several Sobolev
inequalities. Finally, some numerical examples are given to verify our theoretical analysis.
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1. Introduction

Complex valued Ginzburg Landau (GL) equation is an important nonlinear evolution equa-
tion in the fields of physics and mechanics [1]. Tt is widely used in fields such as superfluid,
superconductivity, Bose Einstein condensation and so on. In this paper, we focus on investigat-

ing the following complex Ginzburg-Landau (GL) equation in two dimensions

O — (v +ia)Au+ (k+if) |ul*u—~yu =0, (z,9)eQ, 0<t<T, (1.1)
u(z,y,t) =0, (x,y) €N, 0<t<T, (1.2)
u(z,y,0) = uo(z,y), (r,y) €9, (1.3)

where ¢ = \/—1is the imaginary unit, u = u(x, y, t) is a complex-valued scalar field, A = 0,40y,
is the Laplace operator, Q = (a,b) x (¢,d), 99 is the boundary of Q, v > 0, k > 0, «, 8 are four
given real constants, the initial function wug is a given complex function, and + is the coefficient

of the linear evolution term.
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A large number of literatures have extensively studied the existence, uniqueness and regularity
of solutions of complex valued GL equations. [2] studied the long-time behavior and global
solution of two-dimensional complex valued GL equation, and makes an upper bound error
estimation for the global solution. For the study of the existence of the solution of the equation,
the literature [3] discussed the global existence and uniqueness of the solution of the complex
valued GL equation. The literature [4] used the Galerkin method to analyze the existence and
uniqueness of the global solution of the equation. Literatures [5,6] gave the results of well
posedness and regularity estimation of complex valued GL equation, respectively.

For the numerical aspects of the GL equation (1.1), many numerical methods have been
proposed and analyzed in the literatures, such as the finite difference methods [7-14], finite
element methods [15-22], spectral methods [23-29], and meshless methods [30-34]. Tsertsvadze
[35] constructed a nonlinear implicit scheme for the one dimensional (1D) Kuratomo-Tsuzuki
equation and proved that the scheme is convergent at the rate of order O(h3/ 2) in the discrete
L?-norm and the rate of O(h) in the uniform norm under the requirement 7 = O(h%**¢) for any
g > 0. Then, in [9], for one-dimensional Kuramoto-Tsuzuki equation, Sun and Zhu proved the
scheme in [35] is unconditionally and optimally convergent at O(h? +72) in L>-norm. However,
for two-dimensional GL equation, due to the difficulty in estimating the numerical solutions in
L*°-norm, error estimates for high-dimensional GL equation has lots of works to do. In [12],
for two-dimensional GL equation, Wang and Guo gave proofs at second-order convergence in
L?-norm for a Crank-Nicolson scheme and a semiexplicit linearized Crank-Nicolson scheme by
the mathematical induction method, respectively.

Since the convergent rate at O(h%+72) in L>-norm can be obtained in numerical studies [12],
it is a natural question to ask how to improve the theoretical proof in two dimensions for GL
equation’s numerical studies. In other words, one has to give boundedness of numerical solutions
for (1.1). The purpose of this paper is to give rigorous error estimates of two Crank-Nicolson
type finite difference methods for the GL equation (1.1) in L®-norm.

Nowadays, methods of proof in error estimates have been greatly developed, such as the
cut off technique [36] and the lifting technique [37]. In this paper, we use these techniques as:
First, a linearized Crank-Nicolson finite-difference scheme of the GL equation is analyzed in
depth, and the optimal error estimate of the scheme in L norm sense is established without
any requirement on the grid ratio by using energy analysis methods combined with mathematical
induction and lifting techniques. It is proved that the scheme is convergent in both time and space
directions with 2 order accuracy in L°°-norm sense. Second, a nonlinear Crank-Nicolson finite
difference scheme is analyzed in depth. The existence and uniqueness of the nonlinear schemes
solution are discussed in [12]. Then the optimal error estimate of the scheme in L®-norm sense
is established by using the energy analysis method and the cut-off technique combined with the
lifting technique, and the scheme is proved to be accurate to the 2 order in both space-time
directions.

The rest of this paper is organized as follows. In Section 2, two different Crank-Nicolson

finite difference schemes for GL equation are given. In Section 3, optimal error estimates in L?
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and H' norm of two Crank-Nicolson schemes are analyzed, and the improved error estimates
in H%-norm are given in appendix as long as the regularity assumption of numerical solution
is improved. In Section 4, several numerical examples are presented to verify our theoretical

analysis. Finally, some conclusions are given.

2. Two finite difference methods

In this section, we develop two Crank-Nicolson finite difference methods for the two dimen-
sional GL equations (1.1)—(1.3). Throughout this paper, the constants C' may be different as long
as they are not decided by discrete parameters. When it is necessary to indicate the dependence

on some parameters, we will use the notation C(-).
2.1. Notation and definitions

We denote the time step size 7 = T//N with a positive integer N and the time grid points
t, = nt for 0 < n < N. Given a temporal grid function {w"|0 < n < N}, we denote wnts =

%(w"+1 +w™), w"tE = %(Sw" —w" 1) and introduce the following difference quotient operators
1
5w = ;(w”Jrl —w™).

For the spatial discretization, we take the grid sizes hy = (b —a)/J, ha = (d — ¢)/K with two

positive integers J, K. Define two function spaces as follows

Vi = {w = (wj1) g mere | Wi =0 when (j, k) € Tn},

Vi = {w = (wj1) g petn | (Wik)Grere € Vit

where
TX={(,k)|i=0,1,2,....J, k=0,1,2,..., K},
T =40,k |j=12,...., -1, k=1,2,..., K — 1},
Un=T3/Th-
Then for a given spatial grid function v € V!, we introduce the following difference quotient

operators for (j, k) € Ty, as

1 1
2
Sy = i (+1k = Vik)s Opvsk = 35 (Vj1k = 205k + Vj-1k),
1

1
h3

R +.,. +.,. T o s2, 2,
Vivjk = (6, Vs 6y V) 5 Anvjk = 0305k + 0,0k

1
2
S vj k= h_Q(Uj,k+1 —Vjk)s OyUik = 75 (Vjk+1 — 205k + Vjk-1),

For two spatial grid functions u,v € V,?, define discrete inner product as

J-1K-1

(u,v)p = hihs Z Z Uik (v58)",

j=1 k=1

where (s)* represents taking the conjugate of s for s € C. For p > 1, the Sobolev norms (or
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seminorms) are defined as

J-1K-1

lulln = VOl = (Arhe 32 3 Juial”)

j=1 k=1
|Mm1=\ﬂwiwﬁ*ﬂMJMﬁ,|Mm2=HAhMM,

na =\l + lulf o Tl =\l + lff o,

U = max |U;
H Hoo (j,k)eTh| ],k|7

S =

[l

for grid functions u,v € V.
2.2. Two finite difference methods

The approximation of a linearized Crank-Nicolson finite difference (LCNFD) method to solve
(1.1)—(1.3) is as follows:
(1) The LCNFD method

5 uly — (v + ia)Ahukar% +(k+ ZB)W;LZ% |2u?j€r% — ’yuzzé =0,
(J.k) €Th, 1<n<N-—1, (2.1)
ujlk = u(])k + 1ue(z5, Y%, 0), (4,k) € Th, (2.2)
where the initial value
udw = wo(wj,uk), (3,k) € Ty, (2.3)
the boundary value
ujp =0, (jk)€Th, 1<n<N (2.4)

and
. . 2
ut(m]’a Yk, 0) = (1/ + ZQ)AU(Ija Yk 0) - (’€ + Zﬂ) |u?,k‘ u?,k + Pyu?,k

The approximation of a nonlinear Crank-Nicolson finite difference (NLCNFD) method to solve
(1.1)—(1.3) is as follows:
(2) The NLCNFD method

G s = (-4 i) S (ot i) P =y <0,
(k) €Th, 0<n<N-—1, (2.5)
where the initial value
udx = uo(wj,uk), (3, k) € Ty, (2.6)
the boundary value
ui, =0, (j,k) €Ty, 1<n<N. (2.7)

Since the LCNFD method is a linearized scheme, the solvability of it is apparent. For the
solvability of NLCNFD method, refer to [12].
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3. Unconditional optimal error estimates

In this section, we state and prove optimal error estimates for LCNFD and NLCNFD methods
proposed in section 2. For the proof, we make some assumptions on the exact solution of (1.1)

as
we W ([0,T]; L=()) N W ([0,T]; W>>°(Q)) N L= ([0, T]; W>(Q)). (A)
Define the ‘error’ function e™ € V,? as

where UT", and u}; represent exact solutions and numerical solutions for (1.1)~(1.3) at (z;, yk, tn),

respectively. Let h = max{hy, ha}, then there is the following estimates:

Theorem 3.1 Under the assumption (A), LOCNFD method is unconditionally convergent and

there exists 7o > 0, when 7 < 79,
[eln < C(r? + h?), le"n1 < C(r? +h%), 0<n < N.

Theorem 3.2 Under the assumption (A), NLCNFD method is unconditionally convergent and
there exist 7, > 0 and h{, > 0, when 7 < 7 and h < hy,

lelln < C(r* + h?), |e"],, < C(r* +h?), 0<n<N.
3.1. A priori error estimation

In this subsection, we present a priori error estimation of the numerical solution in the discrete

12 norm.

Lemma 3.3 Under assumption (A), for u™ € V}? of LCNFD and NLCNFD method, there exists
Tw, when 7 < 7,

[u"[n <C, 0<n<N.

Proof Making inner product of (2.1) with u"t2 and by using Green formula, then taking the

real part, we get

w2 )2 My 1Mzl a4l 1 1
H H;T H Hh +V|‘V}lun+%”%+f€h1h2 Z Z u7’22|2|u;;§2|2=’7”u"+%”}%
=1 k=1

If v <0, because of v,k > 0, we can directly get
[u" I < utfl7, 1<n <N -1,
From (2.2), (2.3) and assumption (A), we get that
lutlln < C, lu’lln < C. (3.1)

So when v <0,
[u™||n < C, 0<n<N.
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If v > 0, there is

1
™G = a7 < 20yl 2 |5 < my(la IR+ llu”]]7)-

Using Gronwall’s inequality and defining 7, = %, when 7 < 7,
[u™ll}, < exp(yD)[u'[;, 2 <n<N.
Then combining (3.1), when v > 0,

[uln<C, 0<n<N

253

Thus, we get the proof of the LCNFD method in Lemma 3.3. By similar proof methods, numerical

solutions of the NLCNFD method are bounded in discrete L2-norm, so we omit it here. O

3.2. Convergence analysis

In this subsection, the following two lemmas will play an important role in theoretical analysis,

Lemma 3.4 ([38]) For any grid function u € V;, there is
3 1 1-2
lullp < llully (Cplulny + llulln)™7, 2 <p<oo,
where C,, = max{2v/2, %},l =min{ly,lo},l1 =b—a,lo =d—c.
Lemma 3.5 ( [39]) For any grid function u € V), there is
[ulloe < Cllull (lulln + |uln2)?
First, we consider the local truncation of LCNFD defined as
n+3 . nt . ~n4L n+1
R 2 =061UN — (v+ia)ApU 2 + (k+iB)|US 2 PUS 2 = Uy
(J:k) € Thy 1<n< N -1,
RI}? =0, (jk)€Ty, 1<n<N-1.
Then there are estimates for the local truncation as follows
Lemma 3.6 Under the assumption (A), we can obtain
|IR" 2|, <C(r>+h?), 1<n< N-1.

Proof By Taylor expansion, the proof can be easily got, so we omit it here. O

Then we begin our main proof for Theorem 3.1.

Proof Subtracting (2.1) from (3.2), we get the ‘error’ system
. +1 . +1 41 41
5?6?,19 — (v + IO‘)Ah@Zk 7 4 (k+ IB)P;]C 3 _ ’76?,19 3 _ RZ]@ 3
(j,k) €Thy 1<n<N-1,
e =Rip. (1K) € Th,
e;'lyk =0, (j,k) €T, 1<n<N,

nJr%

)

(3.2)
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¢jr =00, k) €T}, (3.6)

1
where P;,j 2 |U o U, n+2 - |~n+2 |?u . Taking inner product of the equality above with
e"t3 and using the Green formula, we obtam the real part of the result as follows
lle™ I — lle™ 117
2T
= Re(R"2,e"7),. (3.7)

+ule™ 52 |+ Re((k+if)(P™FE,e"5),) — A"t

Rewrite the nonlinear term P"+3 as follows

P]n;FQ o (|U;7f]:l’2 |2 |ﬂn+2| ) ’I’l+2 + |u’n+2 |2 ’I’l+2 ) (3.8)

Then the third term of the left hand of (3.3) will be

My—1M,—1
Re ((H+Zﬁ)(Pn+2 ety ) Re( K+ i8)h1ho Z Z |Un—|r2 n+2| U n+2 n+ )—i—
j=1 k=1

My—1M>y—1

khihy > Z il EE e TR R, (3.9)
j=1 k=1

From assumption (A), there is [U'| < C for (j, k) € Th, 1 <n < N, then we can make some

detailed estimates on the equality above
n—+ ~n+ n+ n+ ~nJr ~nJr n+
|(|U]k2|2 @52 1)U 2 < (0702 [+ Jag 2 DIeg 2 11U 2
< <2|U;?:2|+ |é77;2|>|e”+2||U"+2| < (I + 1)
< Cllefrl +leji T+ leful® + el ) (3.10)
Substituting (3.9) and (3.10) into (3.7), then using Cauchy-Schwarz inequality and Young in-

equality, we get

lle™ MR = lle™ 2

+u|e”+%|%71

21
< C(le™ 2 + e 12 + [le"H12)+ (3.11)
Clle™12e™ 2 |+ lle™ |2l = |ln) + R+ 3. (3.12)

Now we estimate [e”||2][e" 2], and |[e" ![|2[le"*2||s. From Lemma 3.4 and using Young in-

equality, there is
le™ [Zle™ 2 [n <lle™ [n(Cple™ |1 + @)Ile’”% In
<O (e nalle™ [nlle™ 2 la + lle" [7lle"+ 2 1)
<C(je"[f1 + e 17le™ 2 17 + e [7lle™ 2 1) (3.13)
Besides, according to assumption (A) and Lemma 3.3, we get
le™* 2 < T2+ a2 1 < C. (3.14)
Then we can get

leI3le™ 2l < Cle™ i1 + lle”lI7)- (3.15)
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Similarly, there is
e 12 ]le™ 2 || < Cle" My + e MR- (3.16)
Substituting (3.15) and (3.16) into (3.11), we obtain
le™ 15 = le™ [ < Cr(le™ iy + le" ™ i+ e M7 + ek + lle™ Ik + 1R 27), (3.17)

for 1 <n < N —1. Then we use Mathematical induction in the following. When n = 0,1, under
assumption (A), there is |[e"||, +[e™|, ; < C(7?+h?). Assume that when 2 < m < n < N, there
is |[e™||ln + |e™], , < C(r? + h?). Then from (3.17), we get

(1—C7)|[e" ™2 < C(7% + h?)*. (3.18)
So take T = %, for 7 < 11, there is
||e”+1||h < 0(72 + h2). (3.19)

Here we get the convergent estimates of ||e"||;, for 0 < n < N. Next, making inner product of
(3-3)

e™ and taking the real part, we get
v 1

mn&*e”ni G T

= ra ———Re(— (k+ iﬁ)P"Jr% +ye™tE 4 R”Jr%,éj'e”)
Using Cauchy-Schwarz inequality and Young inequality, we get
1
57 (le " —le"h )
<Ol = (k +iB)P™% 7€ 3 4 R3] 5f e

< Cle)|l = (5 +iB)P™HE 4 7€ 3 + RPT3|[2 21|07 e |2, (3.21)

- (3.20)

14
m”ﬁenHiJr

for any €; > 0. Take
v

€ = ——
v2 4+a?’

then using Minkowski inequality, there is

1 1 1 1
Z(lenﬂli,l — 1"k < CUP™ 25 + lle™ 2|17 + IR 2 17)

< C||P™2|} + C(r2 + h?)2, (3.22)
About Pjn,j%, we have
Pl =07 P — i Py
+3 + + ~n+3 +3
:|U” 2|2 n 2+(|ank2|2 | n 2| )U?k2
nt g + _n+ + _n+ + +1
U5 2 Ple;; 2|+|€7k2|(2|UJnk2|+| TN+ 1)

(|e”*2|+ TR R+ TP ). (3.23)

I /\

Then we get estimate on upper bound of |P"*z||;, as follows

1 1 1 ~ 1 ~ 1 ~ 1
1P ln < C(lle™ = [l + e 23 + "= [ln + e =] + |2 l5). (3.24)
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From Lemma 3.4 and (3.19), we get

Hw*ﬂﬁgHd”ﬂh«%W”%h+%ﬂw*ﬂh)SCOW*ﬂr+02+h%) (3.25)
Combining inductive hypothesis and Lemma 3.4 gives
6513 < 16 I (Cple™ oy + 71675 1) < O + 1) (3.26)
and
622 < e (Gl Hua + 11673 1) < O 4 12), (3.27)

Substituting (3.24)—(3.27) into (3.22), we obtain

(e Ry [ ) < Ol + O 4 h2)?
< Cle™p 4+ O + k%)% (3.28)
Then
(1=2C7)|e" ;| < C(r* + h*)2. (3.29)

Similar to (3.19), taking 7 = % when 7 < 79, we have
le" T < C(72 + h?). (3.30)

Thus, taking 79 = min{ry, 72}, we get the proof of Theorem 3.1. O
However, for the nonlinear numerical method NLCNFD, mathematical induction is no longer
applicable. Thus, we search a smooth function to establish a replacing scheme for giving the

proof of Theorem 3.2.

Proof Concretely, choose a smooth function p € C*(R) as

1, s| <1,
pls)=1q €1[0,1], 1<]s| <2,
0, ls| > 2.

It is easy to see that p and p’ have compact support. Following assumption (A), we define
My = |lull o= ([0,77:L(02))- Take M = (My + 1)2, for s > 0, and define

par(s) = sp(s/M).

Then pjs is global Lipschitz as

lpar(s1) — par(s2)| < C /st — /52|, Vs, 52 > 0. (3.31)
Let 4° = u? and define 4" € V}! (n=1,2,..., N) as solutions of the following replacing scheme
~ . i . n+L2\ nt+d n4i
o~ v i 4 Gt i8)on (a0 et it =
(j,k) € Th, 0 <n < N —1, (3.32)

@' =0, (jk) €Th, 1 <n < N. (3.33)
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Define the local truncation R"+z € V,? of the replacing scheme as

ANt . +3 . +32 +3 +3

R;,k: 2 — 5:‘U;fk - (v+ za)AhU;’lk 24+ (k+ zﬁ)pM(‘U;k 2 ‘ )U;?k 2 — vU;k 2,

(j,k)€Tn, 0<n<N-1. (3.34)

L

Ry =0, (jk)elp, 0<n<N-1. (3.35)
Following the definition of pys, we get

o (U127 = Ui s P

, (4, k) € Th.

Thus, under assumption (A), the replacing scheme (3.32)-(3.33) shares the same local truncation
results as the NLCNFD method, i.e.,

IR, <C(*+h?), 0<n<N-—1. (3.36)

Remark 3.7 Here, we can see replacing scheme (3.32)—(3.33) as another approximate of GLE
(1.1)—(1.3). Once the boundedness of solutions of the replacing scheme is obtained, error esti-
mates of NLCNFD can be obtained by its analysis results due to the global Lipschitz property
of function pyy.
Next, we use energy method to give the error estimate of the replacing scheme (3.32)—(3.33).
Define ‘error’ function é" € V! (n =0,1,...,N) as follows
é_?,k - U;Lk - 'ELZk
Subtracting (3.32) from (3.34), we get the following ‘error’ equation
n i AnJ’,l i AnJ’,l An+l AnJ’,l
5 et — w4+ i)Apé;® +(k+iB)P 2 —vé;,° = R, 2,
(J,k)€Th, 0<n<N-I1, (3.37)
where P"t3 € V0 is defined by
An+41 n+1,2 n+l
Py :pM(‘Uj,k g )Uj,k *—pu(
n+1 2 ntE 2 nt
:(pM(‘Uj,k 7) = o ( uj,k2‘ DU+ par (|
(4, k) € Th

and

N 1
n+z

Pl =0, (j.k) €T

Collecting the boundedness of the exact solution and the global Lipschitz property of pas, we get

1
An+§|

B3 < clenty. (3.38)

Make the inner product of (3.37) with é”*é, then take the real part of the result as follows
[eHE —lle

n||2
I et g | 4 Re(k+ 68) P e+ —qlenE IR = Re(RE et

(3.39)

Combining Cauchy-Schwarz inequality, Young inequality and (3.38), we obtain

lem 15 — llen )7 + 27vie™ 27,
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< 20T PR [[pl|e™ 3 |l + 2ry [l 21 27| R E e E
< OT((r* + 12 + [P + [l 3 1)
<Cr((7* + %) + [le2|7). (3.40)
From inequality above, it follows
. . NI
[e™ % — lle™ll < O ((72 + h*)* + ||e"*=|]7). (3.41)
Summing (3.41) for n from 0 to m, and replacing m by n, we get
n
et 7 <[l€%3 + Cn+ (2 + 22+ Cr Y [lem T2}
m=0

<[e®lF + CT (2 + A2 + O Y Jlemt|}

m=0
n+1
<C(E+ 1P +Cr > em (3.42)
m=0

Following Gronwall’s inequality, we have 7{ = &, when 7 < 77,
e, < C(r* +h?), n=1,2,...,N. (3.43)

Here we get the convergence of ||€"]|,, then we will use the ‘lifting’ technique and Sobolev inverse
inequality to get the equivalence of the replacing scheme (3.32)—(3.33) with NLCNFD method.
Specifically, rewrite the ‘error’ equation (3.37) as follows
1 1 a1 1 gl

(v+ia)Apes 2 =67l + P2 — el 7 — RIS (3.44)

Making inner product of (3.44) with itself on both sides of the equation, we get
N2 Oé2|én+%|h72 :||6t+én + Pn o ,.yénJr% _ ]finJr%”h
< C(I6F €™ ln + 1Pl + [|€™ + " [l + (1R 2]5). (3.45)

Using Minkowski inequality and (3.43) yields

|6 e"

| <7

et + e < cr (¥ +7%), n=0,1,...,N —1. (3.46)
Combining (3.38) and (3.43), we get

| P2, < (2 +h?), n=0,1,...,N —1. (3.47)
Substituting (3.36), (3.43), (3.46) and (3.47) into (3.45), one obtains

lem + et <Cr7 (2 +h%), n=0,1,...,N —1.
From Lemma 3.5 and (3.43),
€™ + & oo <[l + |2 (e + e 4 [€ 4 e n,2)2

<Cr 3 (r*+h?), n=0,1,...,N —1. (3.48)

Using Minkowski inequality and (3.48), we get

~ 1 ~
el =Ml <

en et < ormE(h? 4 7). (3.49)
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Summing (3.49) for n from 0 to m, and replacing m by n, we get
et| L <Cn+ 1)1 5 (h? +72) < Cr 5 (h? + 77)

<Cr 3K 472, n=0,1,...,N —1.

Therefore, define 75 = m, when 7 < 75, for any h < 7,
el <1, n=1,2,...,N. (3.50)
On the other hand, using Lemma 3.5 and inverse inequality, we get

. JUNIE TR . 1
€™ oo < I1E™ 15 CE™ (I, + 1€7]5,2)7
1

< e llx (e™ [l + Ch2) e [1,)*
< Ch Y (h? +1%)
=C(h ' +h), n=0,1,2,...,N —1.
Hence, define b} = %, when h < hf, for any 7 < h,
[€"lo <1, n=0,1,...,N. (3.51)
Collecting (3.50) and (3.51), for any 7, h < min{75, b} }, we have
€™ <1, n=0,1,...,N
and
@floo < fu™lloo + 1€Moo < Mo+1, n=1,2,...,N.

Thus, we obtain the equivalence of replacing scheme (3.32) and (3.33) with NLCNFD, then we
begin to give a further estimate of é”, for n = 0,1,..., N. Making inner product of (3.37) with

;€™ and taking the real part, we get

. v
67 e I + o= (

=Re(R"*2,5f¢),. (3.52)

"2 — (€7 ) + Re(PmFE, 5, ¢"), —ARe(e"F2, 5 em),

Combining Cauchy-Schwarz inequality and Young inequality gives

(jem R — (e )

6 en 3+ o
< NP alloF e+ Al e+ 1 allof e
< 2B + SN+ 29I IR + SoFen I + 2R VHR + Lo en R
< C(IB 3 + e 3 + 1R H1Z) + 2o e . (3.53)
From (3.38) and (3.34),
€y — 6"y < OT((W% + 7207 + 2 7). (3.54)

Summing the above inequality for n from 0 to m, and replacing m by n, we get

n
et R <R, + Con+ DTk + 722+ O > flemtE |}
m=0
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<C?+ 722+ CT(R + 722 +Cr Y [em T2

m=0
<C?+722+0r ) [lemta |3, (3.55)
m=0

Substituting (3.43) into the above inequality, we have

|é”"’1|%71 SC’(h2 + 7'2)2 +C(n+ 1)T(h2 4 7%)?
<C(h? + 7122 + CT(h? + 72)?
<C(h% +7%)2 (3.56)

Then we have
|e"p1 < C(h*+7%), n=1,2,...,N. (3.57)

Thus, from (3.43), (3.57) and the equivalence of replacing scheme (3.32) and (3.33) with NLC-
NFD, taking 7} = min{r{, 75, h}} and h{ = min{74}, b} }, we finish the proof of Theorem 3.2. O

Remark 3.8 An improved regularity assumption on the exact solution u and energy analysis
method can make |e"]; 2 be bounded by C(7% + h?). Then using Sobolev inequalities, the point-
wise error estimate of LCNFD and NLCNFD can be obtained immediately. The proof will be
presented in Appendix A.

Remark 3.9 The above results for GL equations with Dirichlet boundary can be extended to

periodic boundary problems.

4. Numerical experiments

In this section, we will use some numerical experiments to validate our theoretical analysis
of two proposed finite difference methods LCNFD and NLCNFD for the two dimensional GL

equation.
Example 4.1 First, we take v = a =k = 1,8 = 2,y = 3, the initial function as
u(z,y,0) = e 2,

the computational area as 0 = (—10,10) x (—10,10), and the computational time as T = 1,
such that when 0 < ¢t < T, the area is big enough to see the initial boundary problem as a
Dirichlet boundary problem. Since this problem has no exact solution, we use TSFP method

with hy = hg = 1/128, 7 = le — 4 to get a ‘numerical’ exact solution.

It can be seen from Tables 1-4 that both LCNFD and NLCNFD method converge well in
spatial and temporal direction consisting with theoretical analysis. Comparing Table 2 with Table
4, we find that NLCNFD method has better computational efficiency than LCNFD method.
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h ho = 1/4 ho/2 ho /22 ho /23 ho/2*
leN oo 5.69E-03 1.41E-03 3.52B-04 8.79E-05 2.20E-05

Order - 2.01 2.00 2.00 2.00
|6N|h71 3.23E-02 8.05E-03 2.01E-03 5.02E-04 1.26E-04
Order - 2.01 2.00 2.00 2.00
leN|In 2.06E-02 5.12E-03 1.28E-03 3.19E-04 7.98E-05
Order - 2.01 2.00 2.00 2.00
Table 1 Spatial convergence order of LCNFD with 7 =1le-4 at T'= 1 in Dirichlet problem

T T =1/16 T0/2 T0/22 T0/23 T0/2%
lleN oo 1.59E-02 3.70E-03 9.18E-04 2.30E-04 6.12E-05
Order - 2.11 2.01 2.00 1.91
|6N|},,11 6.21E-02 1.09E-02 2.41E-03 5.76 E-04 1.44E-04
Order - 2.51 2.17 2.07 2.00
lleN|In 8.15E-02 1.68E-02 3.88E-03 9.43E-04 2.38E-04
Order - 2.27 2.12 2.04 1.99

Table 2 Temporal convergence order of LCNFD with h = 1/128 at T'= 1 in Dirichlet problem

h ho =1/4 ho/2 ho /22 ho/23 ho /2
lle™ || oo 5.69E-03 1.41E-03 3.52E-04 8.79E-05 2.20E-05
Order - 2.01 2.00 2.00 2.00
leN|n 1 3.23E-02 8.05E-03 2.01E-03 5.02E-04 1.26E-04
Order - 2.01 2.00 2.00 2.00
e |ln 2.06E-02 5.12E-03 1.28E-03 3.19E-04 7.98E-05
Order - 2.01 2.00 2.00 2.00

Table 3 Spatial convergence order of NLCNFD with 7 =le-4 at T' = 1 in Dirichlet problem

T T =1/8 T0/2 T0/22 T0/23 T0/2%
eV oo 1.02E-02 2.38E-03 5.89E-04 1.47E-04 3.72E-05
Order - 2.09 2.02 2.00 1.98
|6N|},,71 6.32E-02 1.45E-02 3.59E-03 8.97E-04 2.26E-04
Order - 2.12 2.01 2.00 1.99
leNn 8.00B-02 1.94E-02 4.80E-03 1.19E-03 2.956-04
Order - 2.04 2.01 2.01 2.01

Table 4 Temporal convergence order of NLCNFD with h = 1/128 at 7' = 1 in Dirichlet problem

Example 4.2 ([38]) Secondly, we consider a (2, 27)-periodic initial-value problem as

u(z,y,t) = u(x + 2m,y,t),

up — (L4 i)Au+ (14 2)|ufPu—3u=0, (z,y) eRxR, 0<t<T,
u(w,y,t) = u(x,y+2m,t), 0<t <T.

The initial function is defined by the following exact solution

u(z,y,t) =e

i(z4y—4t)
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It can be seen from Tables 5-8, GL equation with periodic boundary also has second order

convergent rate.

h ho = 7/8 ho/2 ho/22 ho/2° ho/2%
le™ oo 1.16E-02 2.91E-03 7.28E-04 1.82E-04 4.55E-05
Order - 2.00 2.00 2.00 2.00
|CN|}l,1 9.94E-02 2.54E-02 6.41E-03 1.61E-03 4.03E-04
Order - 1.97 1.99 1.99 2.00
e in 7.30E-02 1.83E-02 4.57E-03 1.145-03 2.86E-04
Order - 2.00 2.00 2.00 2.00

Table 5 Spatial convergence order of LCNFD with 7 =1e-4 at T' =

1 in periodic problem

T 70 = 1/32 To/2 70/22 70/23 T0/2%
1e™ oo 1.81E-02 1.63E-03 1.17E-03 2.945-04 7.38E-05
Order - 1.97 1.99 1.99 1.99
|(£N|h’1 1.61E-01 4.11E-02 1.04E-03 2.61E-03 6.55E-04
Order - 1.97 1.99 1.99 1.99
e ln 1.14E-01 2.91E-02 7.34E-03 1.85E-03 4.64E-04
Order - 1.97 1.99 1.99 1.99

Table 6 Temporal convergence order of LONFD with h = /512 at T'= 1 in periodic problem

h ho = /8 ho/2 ho/22 ho /23 ho/2%
le™ oo 1.16E-02 2.91E-03 7.28E-04 1.82E-04 4.54E-05
Order - 2.00 2.00 2.00 2.00
|(€N|h’1 9.94E-02 2.54E-02 6.41E-03 1.61E-03 4.03E-04
Order - 1.97 1.99 1.99 2.00
e ln 7.30E-02 1.83E-02 4.57E-03 1.14E-03 2.86E-04
Order - 2.00 2.00 2.00 2.00

Table 7 Spatial convergence order of NLCNFD with 7 =1e-4 at 7' = 1 in periodic problem

T 70 = 1/16 T0/2 T0/22 70/23 T0/2%
HSNHOO 3.47E-02 8.73E-03 2.19E-03 5.46E-04 1.36E-04
Order - 1.99 2.00 2.00 2.01
leN na 3.08E-01 7.75E-02 1.94E-02 4.84E-03 1.21E-03
Order - 1.99 2.00 2.00 2.01
e ln 2.18E-01 5.48E-02 1.37E-02 3.43E-03 8.54E-04
Order - 1.99 2.00 2.00 2.01

Table 8 Temporal convergence order of NLCNFD with h = 7/256 at T'=1 in periodic problem

Example 4.3 We consider the following Ginzburg-Landau equation with homogeneous bound-
ary conditions
du— (v + i) Au+ (k +iB) |ul* u — yu = 0,
(z,y) € Q=[-1,1] x [-1,1], 0 < t <1, (4.3)
u(z,y,t) =0, (x,y) €N, 0<t<T, (4.4)
u(z,y,0) = sech(z)sech(y) exp(i(z +y)), (z,y) € 2=QUIQ, (4.5)



Error estimates of finite difference methods for the complexr Ginzburg-Landau equation 263

where v =a =k = = 1,7 = 1. We take 7 = 0.01,h; = hy = 0.05 to verify the dissipative
nature of the schemes in Figure 1. Figure 2 shows the change of the numerical solution with

v = 3 at different times.

T 70 =1/32 T0/2 T0/2% T0/23

LONED e |l co 1.81E-02 4.63E-03 1.17E-03 2.94E-04
Order - 1.97 1.99 1.99

NLCNED e |l co 8.73E-03 2.19E-03 5.46E-04 1.36E-04
Order - 2.00 2.00 2.01

LONED leN|n1 1.61E-01 4.11E-02 1.04E-03 2.61E-03
Order - 1.97 1.99 1.99

NLCNED leN|n1 7.75E-02 1.94E-02 4.84E-03 1.21E-03
Order - 2.00 2.00 2.01

LONED eN]|n 1.14E-01 2.91E-02 7.34E-03 1.85E-03
Order - 1.97 1.99 1.99

NLCNFD 1eNn 5.48E-02 1.37E-02 3.43E-03 8.54FE-04
Order - 2.00 2.00 2.01

Table 9 Comparison of computational efficiency between LCNFD and NLCNFD

16 16

(a) LONFD (b) NLCNFD

Figure 1 Dissipation law of two schemes with different ~

5. Conclusion

In this paper, we give detailed analysis for two Crank-Nicolson type finite difference schemes
of Ginzburg-Landau equation to get their unconditional and optimal pointwise error estimates.
With different assumptions of the exact solution, we get error estimates in different norm. unfor-
tunately, the key Lemma 3.4 in our proof cannot be generalized to three dimensions. In future,
we will try to search new ways to obtain optimal error estimates in three dimensions. Finally,
when carrying our experiments, we find that iterations in calculating cannot be ignored for both
Crank-Nicolson schemes and the nonlinear one has better computational efficiency although it

performs worse in the analysis.
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Figure 2 The change of the numerical solution at different times with 7 = 0.01, hy = ho = 0.05

Appendix: the proof of H2-norm error estimate

For getting the proof of Remark 3.8, we give another assumption of the exact solution as

follows
u e W ([0,T); W2 (Q)) n W2 ([0, T]; W>(Q)) N L™= ([0, T]; W>>(2)). (B)
Part I: for LCNFD

Theorem A.1 Under assumption (B), LCNFD method (2.1)—(2.4) is unconditionally convergent
and satisfies
le"ha < C(T? +h?), 0<n<N. (A1)
For giving the proof of Theorem A.1, we give the discrete H'-seminorm estimate on the
truncation error as
Lemma A.2 Under the assumption (B), we can obtain
|R" 3|, <C(r2+h?), 1<n<N-1. (A.2)
Proof By Taylor expansion, the proof can be easily got, so we omit here. O

Then we give proof of Theorem A.1 in the following.

Proof Here we will use mathematical induction again. When n = 0, 1, under assumption (B),
there is |e”[, , < C(7% + h?). Assume that when 1 <m <n < N, there is [¢"|, , < C(7> + h?).
With Lemma 3.5 and Theorem 3.1, and assumption (B), there are

le™ oo < Clle™ |l (le™In + ™ |n2)® < C(r* + h?) (A3)
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and
[u™]loo < [[€™floc + UM loo <C, 1<m <n<N. (A.4)
Making inner product of (3.3) with 276," Ape”, then taking the real part, we get

v(le" 2 = e [h 2) + 2716 e 7

= ZTRe((/@ +iB)PtE — yenta — R”+%,6;FA;L€") (A.5)

B
Using partial summation formula, Cauchy-Schwarz inequality, Young inequality and Minkowski
inequality, we get
(e R o = le]7 2) + 27|07 e 7
< CT|(n +iB)PE — ye™E - RS [ 107 €™
< Ole2)7l(k +iB)P" 2 —ye™ts — RM3[7 | 4 eorldf e 7
< Ole)r(IP™ 2[R0 + 1™ 2[R0 + [RMTE] ) +earldfenlf o, (A.6)

for any £ > 0. About estimates of |[P"*2|, 1, we have

ST U PO UT T — b e
U A GO (O 207 — b @t )T+
U B G (O ) U — (5 (@ 7))
=(U7T 2 — |l P)SEUTE + it ot el +

n+ n+ n+ * n+ n+ ~nJr ~nJr ~n+ *
]+12k(6+Uj,k Z(UjJrl?k) )+uj+12k(5+U]k 24k e € (Ui )+
RO el O e vt @) ()

From assumption (B) and inductive hypothesis (A.4),

SE PR <CUET2 P+ |83 + 105l 2 |+

xT _]k
+ + ~n+ ~n+
€7 E LTl + 1l + 16580, (A.8)

Using Cauchy-Schwarz inequality and Young inequality gives
165 P2y < CIE™ 213 + €2 | + 165 e 2l + le™ 2 [l + 65 e 2 1) (A.9)

From Lemma 3.4,

651 < 16 (Cple™E hn + 7185 ). (4.10)
Substituting (A.10) and Theorem 3.1 into (A.8), we get
165 P3|y < C(72 + h2). (A.11)
Similarly, we get
16, P42, < O(r2 + h2). (A.12)

Taking €2 = 2 and substituting Lemma A.2, Theorem 3.1, (A.11), and (A.12) into (A.6), one
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obtains
"5 o — |7, < O (72 +12)*. (A.13)
From inductive hypothesis,
et , < C(r? +h2) (A.14)

Thus, we get the proof of Theorem A.1. O
Part II: for NLCNFD

Theorem A.3 Under assumption (B), NLCNFD method (2.5)—(2.7) is unconditionally conver-

gent and satisfies
l€"[n2 < C(T° +h%), 0<n<N. (A.15)
Lemma A.4 Under the assumption (B), we can obtain
IR 2], <C(r2 4+ h?), 0<n<N-1. (A.16)
Proof By Taylor expansion, the proof can be easily got, so we omit it here. O

Then we give proof of Theorem A.3 in the following.

Proof Making inner product of (3.37) with 6;" A,é", and then taking the real part, we get

VoL
+§(| n+1|h2 |en|%,2)

= Re(P"3 — &"t3 — BRI 5FALE"),
< CIPH = et = R alof e
< C(ea)|P2 — et — R™F2R | 4 e5)0f e}

< Oles) (P 2Ry + 1em 2y + |R™25 ) +esld) el 1. (A.17)

16,71

About estimates of [P"2 ], 1, we have

SHPIE U PO U — g P
UTE R POTUTE — a2 Porl s 2+
UL B 6 U ) U — T (6 () )
=(UTEP T R)SEUT R e
(UNEE P2 — a2 P)STUT e 4l 2ot er
U UN ) (G U ) e S )b ). (A8)
From assumption (B) and Theorem 3.2,
0 BITE < CUNTT 2+ 10 T2 + 65 er e + |2, ). (A.19)

Using Cauchy-Schwarz inequality and Young inequality gets

6 P < C(le™ 27+ [lem 2 [ln + 67 e 2 ). (A.20)
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From Lemma 3.4,
€21 < et I (Cple™ Hns + 7llem 2 ). (A.21)
Substituting (A.21) and Theorem 3.2 into (A.20), we get
6P 43|, < C(72 + h?). (A.22)
Similarly,
|6 P3|, < O(r2 + h2). (A.23)

Taking e3 = 1 and substituting Lemma A.2, Theorem 3.2, (A.22), and (A.23) into (A.17), one

obtains
€5, — |75 < CT(T% + h?)2 (A.24)
Summing the above inequality up for n from 0 to m, then replacing m by n, we get
€52 SCn+ )7(72 + h?)? + [°fF
<CT(7* + h?)2. (A.25)

Then we complete the proof of Theorem A.3.

|€"h2 < C(T* +1*), 0<n<N.O (A.26)
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