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A permutation, n, of a finite set § is a one-one transformation of S into S.
For example, the set might be {1, 2, 3, 4,5, 6}, and the permutation 621543, also

( )

6215437,
is the transformation x such that 1x=6, 27=2, 37=1, 47=5, 5@ =4, 67 =3.

noted as
123456

Inverting is a fundamental operation of a permutation, The inverse #~! of a
permutation 7 is the rearrangement which undoes the effect of #; if imx=j, then
ja~t=1i, Thus the product mx~ ' equals the identity permutation,

Every permutation has an inverse; for example, the inverse of

(123456) <621543 123456
i )=( )
621543 "'123456 3265417,

There is a simple method to compute the inverse of a permutation, Let us as-
sume we are dealing with permutations of the numbers {1, 2, 3,...,n}, If X[11X[2]
x[3]...X[n] is such a permutation, set Y[x[k]]<k for 1=Ck<<n, Then Y[1]Y[2]
...Y[n] is the desired inverse, This method uses 2n memory cells, When n is a
very large number, this method will use too much additional memory space, We
want to compute the inverse “in place” so that after our algorithm is finished
X[11X[2]...X[n] is the inverse of the original permutation.

Professor D, E, Knuth iniroduces two algorithm for computing the inverse “in
place” in his famous book[1]. One of them is the algorithm I (Reference: CACM
8, 1965.). It is implemented by MIX program I, This program uses 19 MIX in-
structions. Its running time is (17N-8C-S+1), where N is the order of the per-

mutation, C is the total number of cycles when it is expressed as a product of

e

* Received Dec, 24, 1981.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



114 HO¥OBF Vol, 2

disjoint cycles, and S is the number of fixed elements (singleton cycles). The
average value of C is H,=InN+0.577 + O(1/N), the average value of S is 1, hence
the average running time of program I is 17N-—8H . Another algorithm is the al-
gorithm J which is due to J. Boothroyd. It is implemented by MIX program J.
This program is a littie shorter than the preceding one. It has 14 MIX instruc-
tions. But its average running time is essentially proportional to ninn, while
that of algorithm I is essentially proportional to n., Hence the algorithm I is de-
finitely superior,

This paper gives a very simple algorithm for computing the inverse “in place”.
Its MIX program uses only 13 MIX instructions.

Algorithm A. (Inverse in place). Replace X[1]X([2]...X[n], a2 permuta-
tion on 1, 2,..., n, by its inverse.

A1, [Initialize.] Set men, je ~m,

A2, [Next element.] Set i«-X[m].If i<{(, go to A5 (this element has already
been processed),

A3, [Invert one] Set X[m]<«j, je—m, mei.

A4, [End cycle.] Set i« X([m]. If i>0, go to A3; otherwise set i«7j.

A5, [Loop on m.] Set X{[m]< —i, decrease m by {; If m>0, go to A2.
Otherwise the algorithm terminates, ||

This method is similar to the algorithm I, it is also based on inversion of
successive cycles of the permutation. The main difference between the two methods.
is that the variable m in the algorithm A acts as two variables m and k in the
algorithm 1,

For an example of this algorithm, see Table 1.

Table 1

COMPUTING THE INVERSE OF 621543 =(631)(54)(2) BY ALGORITHM A,

(Read columns from left to right.)

Step: Al A4 A4 A4 A

(%)
z
>
>
(2]
>
o
>
(2]
>
'S
>
(4]
>

o

X[1l 6 6 6 -3 -3 -3 -3 -3 -3 -3 -3 -3 3
X[2] 2 2 2 2 2 2 2 2 2 2 -4 2 2
X[3] 1 1 -6 -6 -6 -6 -6 -6 —6 6 6 6 6
X[4] 5 5 5 5 5 5 -5 -5 5 5 5 5 5
xX[5] 4 4 4 4 { -1 -1 1 4 4 4 4 4
x[6)] 3 -6 -6 -6 1 1 1 1 1 1 1 1 1
m 6 3 1 6 5 4 5 4 3 2 2 1o
i 1 6 -1 -1 5 -4 -4 -5 -6 -2 =2 -3
i -6 -6 -3 -1 -1 -5 -4 -4 -4 -4 -2 -2 -2
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Program A (Inverse in place), ril=m; ri2=(—1i); rI3=j.n=N, a symbol

to be defined when this program is assembled as part of a larger program.

g1 INVERT ENT1 N 1 Al. Initialize, m<n,

02 ENN3 0,1 1 je —m.

03 2H LD2N X,1 N A?2. Next element. i< X|[m].
04 J2P 5F N If i<C0, go to A5.

05 3H ST3 X,1 N A3. Invert one, X [m]«j.
06 ENN3 0,1 N jem—m,

07 ENN1 0,2 N M1,

08 LD2N X,1 N A4. End cycle, i« X[m].

09 J2N 3B N If i>0, go to A3.

10 ENN2 0,3 C l<j.

11 5H ST2 X,1 N A5. Loop on m, X[m]<—1i.
12 DEC1 1 N M — 1.

13 Jip 2B N If m>0, go to A2. ||

The running time of this program is 14N +C+2, where N is the order of the
permutation, C is the total number of cycles, C=(min 1, ave Hy, max N), Hence,
the minimum running time of program A is 14N + 3, the maximum running time
is 15N +2, and the average running time is 14N+ Hy+2. Thus it is superior to
preceding two algorithm.
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