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"Abstract

The purpose of this paper is to generalize ([1], Theorem 1.22) and ([ 2],
Proposition 1(1)). We obtain;

Let R be a ring, and let Q=End (M), where M is a generalized quasi-
injective left R-module., Then

(1) J(Q)Y=2(Q);

(2) Q/J(Q) is a Von Neumann regular ring.

All rings in this paper are associative with unit, and all modules are uni-
tal.

Let R be a ring. A submodule N of a left R-module M is said to be essen-
tial in M, if N() K#+0 whenever K is a non-zero submodule of M.If N is essen~
tial in M, then N<_M. A submodule N of a left R-module M is said to be a
complement submodule in M, if there exists a submobule K of = such that
N is maximal with respect to the property N1 K=0. A4 left R-module M is cal-
led generalizeb quasi—injective (cf.[21]) if, for any left submodule N which is
isomorphic to a complement left submodule of M, every left R-homomorphism,
from N into M may be extended to an endomorphism of M. It isclear that every
quasi-injective left R-module is generalizeb quasi-injective (¢f. [3 ]). A4 ring R
is called a generalizeb quasi-injective ring+if, as a left R-module, it is gene-
ralizeb quasi-injective (cf.[ 2 1). A4 ring R is called Von Neumann regular (cf.
[1]) if, for any ae€R there exists beR such that g=aba. As before, J(R), Z(R)
will stand for the Jacobson radical and left singular ideal of a ring R respec-
tively.

Lemma | (cf. [3]). Let M be a left R-module, and let Q=End (M). Then

Z(Q)={f|f<Q and Ker(f)< M}
is a two-sided ideal of Q.
Proof For any f, geZ(Q), any heQ, we see
Ker( f)(1Ker(g)T”Ker( f-g),
Ker( f)T Ker(hf),
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Ker( fh)=h '(Ker( f)),
whence
Ker( f-g)< M, Ker(hf)< M, Ker(fR)I< M.
Therefore
f-8, hf, fheZ(Q) .
thus Z(Q) is a two-sided ideal of Q.

Lemma 2 Let M be a generalized quasi-injective left R-module, and let
Q=Endg(M). Then Z(Q) J(Q).

Proof For any feZ(Q), it follows from Lemma 1 that

Ker(gf)< M, for all geQ (*)
We see
Ker(gf)NKer(1-gf)=0.
It follows from (+) that Ker(l-gf)=0, i.e., 1-gf is a monomorphism. Thus
it is easily seen that 1—-gf is a left R-isomorphism from M onto (1-gf) M.
Assume A, is tﬁe inverse isomorphism of 1-gf.
h:(1-gf\M>M; (A-gfix—~>x
Since
M=(1-gf)M, and M is complement in M,
then by the hypothesis there exists heQ such that 4 is an extension of 4, .
We observe that
hl-gflx=h(1-gfix=x, for all. xeM
whence
h(l-gf)=1, for all geQ.
It follows that @ f is left quasi-regular. Therefore feJ(Q), thus Z(Q)T J(Q).

Theorem 3 Let M be a generalized quasi-injective left R-module. Then
Q/Z(Q) is a Von Neumann regular ring.

Proof For any fe¢Q, there exists a complement submodule L of M such
that Ker( HPL M. If x, xXeL with fx= fx/ then x-xeKer(f)(L=0, x=x".
Thus we may define

h: fL-L; fxt—>x

and it is easily seen that # is a left R-isomorphism. Because of M is a gene-
ralized quasi-~injective left R-module, hence there is geQ such that g is an
extension of h. We obtain

g(fx)=h(fx)=x, for all xeL (% %)
For any yeKer(f)XPL, we write

y=y1+y,, »eKer(f), yeL.
By (»+), g(fy,)=y,, and it follows from y,eKer(f) that fy,=0, thus we

have
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(f-fef)(») =(-Fe N y)+ ([~ fef) (y2)
=(fyi— (O Sy N+ fy,= f(gf)(y)
= fy,= fy,=0
whence
Ker( /YPLC Ker( f- fefH< M.
Therefore f— fgfeZ(Q). This proves that Q/Z((Q) is a Von Neumann regular

ring .
Theorem 4 Let M be a generalized quasi-injective left R-module. Then
zZ(Q) =J(@D). '
Proof For any feJ(Q), it follows from Theorem 3 that there exists geQ
such that ‘

f- fefeZ(Q@ (%)
Since J(Q) is a two-sided ideal of Q,thus fgeJ(Q), so that there is heQ such
that A(1-fg) =1, whencethis
hf-fefD=ChQ - fenf=1-f=f.
By Lemma 1 and (*=*#), we obtain
f=h(f-fef)eZ(Q).
Therefore J(Q)XZZ(Q). By Lemma 2, we have J(Q)=Z((Q).
As direct consequences, we have
Corollary 5 (cf. [1], Theorem 1.22). Let M be a quasiinjective left R-
module, and let Q= Endi(M). Then
(a) J(Q)=Z(Q);
(b) @Q/J(Q) is a Von Neumann regular ring.
Corollary 6 (cf.[2], Proposition 1) Let R be a generalized quasi-injective
ring. Then
(a) Z(R)=J(R);
(b) R/J(R) is a Von Neumann regular ring.
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