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Abstract In this paper, we consider the Hochschild cohomology of a class of quantum
algebras Ag. We construct a minimal projective bimodule resolution of Ay, and calculate
the k-dimensions of all the Hochschild cohomology groups of Ag. Furthermore, we give the
Hochschild cohomology ring structure of Ay for some special cases.
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1. Introduction

Let A be a finite-dimensional algebra (associative with identity) over a field k and A =
A°P®y A be the enveloping algebra of A. The i-th Hochschild cohomology group of A is defined by
HHY(A) := Ext’. (A, A), for each i > 0 (see [3]). It is well-known that the Hochschild cohomology
groups are subtle invariance of associative algebras, such as Morita equivalent invariance, tilting
invariance, derived equivalent invariance and so on, and have played a fundamental role in
representation theory of artin algebras [3,6, 10].

For the Hochschild homology and cohomology of finite-dimensional algebras, there are some
problems and conjectures, such as Happel’s question in [10], Han’s conjecture [9], Snashall and
Solberg’s conjecture [15] and so on. In [10], Dieter Happel asked that if the Hochschild coho-
mology groups HH®(A) of a finite-dimensional algebra A over a field k vanish for all sufficiently
large i, is the global dimension of A finite? In 2005, Buchweitz, Green, Madsen and Solberg first
gave a negative answer to this question by exhibiting the Hochschild cohomology of the quantum
exterior algebras A, = k(z,y)/(2%, zy + qyz, y*) (see [2]). Moreover, these algebras were studied
to exhibit some other pathologies [13,14].

Recently, several results and tools from algebraic topology such as covering theory have been
adapted to the representation theory of non-commutative finite dimensional associative algebras.
It is well-known that there is a strong connection among skew group algebras, Galois coverings

and smash products of graded algebras [5]. In [12], a comparison of the Hochschild cohomology of
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the algebras involved in a Galois covering of the Kronecker algebra with a cyclic group of order
2 was initiated. Moreover, it was proved in [18] that a finite-dimensional quiver k-algebra is
Koszul if and only if its finite Galois covering algebra with Galois group G satisfying chark { |G|
is Koszul. The Hochschild cohomology behavior of Zg-Galois covering of the Grassmann algebra
and Zs X Zy-Galois covering of the quantum exterior algebras were considered in [16] and [11].
In this paper, we consider the homological properties of the Z, x Z,-Galois coverings of
the quantum exterior algebras by calculating all the Hochschild cohomology groups. For a
more general quantum algebra Af, we construct a minimal projective bimodule resolution, and
calculate the k-dimension of all the Hochschild cohomology groups of Ag. In general, showing
all the Hochschild cohomology groups for a given finite-dimensional algebra is very difficult. Our
approach here is elementary and accurate. Furthermore, we give the Hochschild cohomology
ring structure of Ag for some special case. Our results will be helpful to understand deeply the

Hochschild cohomology of Galois covering algebras with finite Galois groups.

2. Minimal projective bimodule resolutions

From now on, we fix k a field, and denote by Ag = kQ/1, the finite-dimensional k-algebra
given by the quiver @) with relations in ideal I, where Q is a torus-like finite quiver with n?
vertices {(4,7) | 4,j € Zy,}, and 2n? arrows {a;; : (i,7) — (i, 5+ 1)} U{bi; : (i,5) — (i +1,5)}

as follows:

(n=1,1) 7 bn_il.,z--" ............. 0, --b.O,_2_

0. GOW?\A a1

bn-2147 1 gv *

_ b2

n—1 . . 0y L _
bn'z;/ .(nfl,nfl) (1,n71). . .
bn_f2,n71 bl’h;.l

Figure 1 Quiver of Ay

and Iy = (a; ja; j+1, bijbiy1,j, @ijbijr1 + @ijbijaivij|i,J € Zn,qi; € k\{0}). In particular,
if we take g;; = ¢ for all 4, j € Zy, then Af are just the Z,, x Z,-Galois coverings of the quantum
exterior algebras A, (see [18]). For the details of path algebra and its quotient algebra we refer
to [1].

Denote by e; ; the idempotent of the algebra Ay corresponding to the vertex (i, 7). Then
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B :={eij, aij, bij, aijbijr1]i,j € Ly} is a k-basis of A, where we identify the elements in
B with their images in Ag and identify b, ,, with b; 9. Next, we define an order “<” on the paths
in k@ with length less than 2 by setting:

(1) €iy,41 < Giy jo = big 4 fOr any i1, 49,43, j1, j2,J3 € Ly;

(ii) For any z € {e,a,b}, x; ; < x; ;s if and only if ¢ <’ or ¢ =4 but j < j'.
Then the length-left-lexicographic order induced by “<” provides an admissible order for all
paths in kQ, and R = {a; ;i j41,bi;0i11,5, i 500541 + Gijbijaiv1; | 4,j € Zn} forms a non-
commutative quadratic reduced Gréber basis of I,. Hence Aj are Koszul algebras [7].

In this section, we will construct a minimal projective bimodule resolution for Ag. We first

need some notations. Let

F° 3:{f8,i,j =e€ijli,j € Lnk;

FU={fos; = aij, fli;=bijli.j€ZLn};

F2={f3:; = aijaijis i = aigbijrr + digbijaicy, f2,;=bigbiv1y 4,5 € Zn}.
For | > 3, we define the set F! := {f,lm)j |0<k<Iij€Z,} by induction on ! as follows:

! . -1 -1
Thyig = Qijfpiie1 T gig+1 Gig+i—k—1bi5fp—1 i1 45

where f}“J =0forall k<Oork>I.

For any path p in k@, we denote by o(p) and t(p) the originals and terminus of p, respectively.
Recall that a non-zero element x = Zle kip; € k@ with k; € k is said to be uniform if there
exist vertices v and v in @ such that o(p;) = u and t(p;) = v for all paths p;. It is easy to see
that the elements f,lc7i)j are uniform. For all f € F!, we denote by o(f) and t(f) the common
originals and terminus of all paths occurring in f.

For convenience, we denote the tensor product over k by ®. Define

P= P Alo(f) @ t(f)AL
fEF!

for all I > 0, and differentials
dl(o(fllc,i,j) ® t(fllc,i,j)) =a;; ® t( ]lg)_i}j-}-l) + (—1)10(f;ij7i,j) ® bitk—1,j+1—k+
Q5% j+1 " Qi j+i—k—1bi; ® f(f;lg:117i+1)j)
(1)’ jri—r—1 - 'qz'+k71,j+l—k710(f1i;,lj) & ik, j+l—k—1
for all [ > 1. Then, one can check that P := (P;, d;) is a complex. Moreover, following Theorem
2.1 in [8], we have the following result:
Proposition 1 The complex

P: B 2P > —P- 2 p g T A

n

is a minimal projective bimodule resolution of Ay,

where 7 is the multiplication map.

3. Hochschild cohomology groups
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In this section, we explicitly calculate the k-dimensions of all the Hochschild cohomology
groups of algebra Aj. Not that if n = 1, Aal]l is just the quantum exterior algebra; if n = 2,
the Hochschild homology and cohomology of Ai have been considered in [11]. Henceforth, we
assume n > 3.

We first give a description of the Hochschild cochain complex obtained from minimal pro-
jective bimodule resolution in Proposition 2.1 by the parallel paths and use this resolution to
calculate the Hochschild cohomology groups. Using the parallel path to calculate the Hochschild
cohomology group for a given finite-dimensional algebra can be traced back to Cibils’s work [4].
Recall that a pair of uniform elements (z, y) in k@ is called parallel if o(z) = o(y) and t(x) = t(y),
and denoted by z//y. Let X and Y be two sets of uniform elements in k@Q). We define

X))Y ={(z,y) € X xY | z//y},

and denote by k(X//Y) the k-vector space spanned by X//Y. Consider the k-vector spaces
Vli:=Kk(B//F") for all [ > 0. For any f,lc’i,ﬁj,, we have

. em//f,lcyi,’j, if and only if (i,7) = (¢/,5') and | = I'n, k = k'n for some integers !’, k' with
0<k <

. ai,j//f,i’i,ﬁj, if and only if (¢,7) = (¢/,j') and I = 'n+1, k = k'n for some integers ', k¥’ with
0<Kk <l

. bi,j//f;i,i/yj/ if and only if (4,7) = (¢,5") and I =I'n+ 1, k = k'n + 1 for some integers I, k'
with 0 < k' <U’;

. aiﬁjbl"jJ’,l//f]i)i/’j/ if and only if (i,5) = (¢/,5') and I = I'n + 2, k = k'n + 1 for some integers
Uk with 0 < K <.

That is,

(I' +1)n?,  if I = I'n for some integer I;
2(I" + 1)n?, ifl=1n+1 for some integer !’;
(I'+1)n?,  if I =1'n+ 2 for some integer I';

0, otherwise.

dim V! = (*)

Denote by I' := (A}})°P®@A7 the enveloping algebra of Aj}. Applying the functor Homp(—, A}})
to the deleted complex of the minimal projective bimodule resolution P, we obtain the Hochschild

cochain complex C*(P):
0 — Homp (Py, A7) - Homp(Py, AT) — - - — Homp (P,_1, A") % Homp (P, AT) — .-
where 6! := Homrp(d, Ay), for all | > 1. Note that there are isomorphisms

Homr (P, A7) = @D Homr (AZo(f) @ t(£)AL) = @D o(f)Ant(f) = V.

fEF! fEF!
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for all I > 0. The corresponding isomorphism ¢; : V! — Homp (P, A7) is given by (x, f) = @, p),
where &, 5)(o(f") @ t(f')) is @ if f = f’ and is 0 otherwise. For each [ > 1, we define a map
nt: V=1 = VI by setting

n' (@, fih) =iz, fliio) + (D' igeik-1 - Gipr—1ri k1 (@0 k jyi-k-1, [l )+

Qi-1,j Gi-1,j+1—k—2(bi-1,5, fllc-i-l,i—l,j) + (= 1) (@bithji—k—1, f/lc+1,i,j)-
Then we get a cochain complex V := (V! n!) :

1 2 1

n Vl i V2 . Vl—l

0 Vo
More importantly, we have the following result.

Lemma 2 The Hochschild cochain complex C*(IP) is isomorphism to the complex V.

Therefore, we can calculate the Hochschild cohomology group of the algebra Aj using the
cochain complex V := (V!,5'). By the definition, HH'(A}) = Kern'*! /Imn', and so that

dim]kHHl(Ag) = dimyKer n'*' — dimIm 7’
= dim]le — dimgIm nl+1 — dimygIm nl.

Thus, to calculate the k-dimensions of Hochschild cohomology groups, we only need to determine
Imnl for all { > 0.

Note that B := {e;;, aij, bij, @ijbiji1 | i,j € Zy} is an ordered k-basis of A7 under
the length-left-lexicographic order “<”. Now we define an order on the set B//F! for each [ as
follows:

(z, fri;) =< (@', floy ;) ifandonlyif k <k, or k =k but z < 2.

Then the k-vector space V! has an ordered k-basis. We denote by ' the matrix of the differential
n' under this ordered basis. Let j; := H?;Olqij, vj = H?;Olqij, I, be the n x n identity matrix.
By the description of n', it is not difficult to see that n' = 0 if I # I'n+ 1 or I'n + 2 for any
integer I’ > 0, and

e if [ = I'n + 1 for some integer I, then ' = diag{(Ao|By), (A1|B1),...,(Ar|By)}, where

A; = diag{A; 0, A4i1,...,Ain_1} with n X n matrices
(-1 1
1 (=Dt

1 (_1)ll/7iL71

and o
(=)', po "I

nu‘fm:;jn (_I)ZI” n2xn2

e if | = I'n + 2 for some integer I, then n' = diag{(%%) , (%) ey (%%_4)}7 where

n—1
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D, :=diag{D; 0,D;1,...,D;n—1} with n x n matrices

(=) 1
1 (_1)l+1]/z
D;; = . )
1 (=)
and

(-1, —ub " In
—i 1

—Hq In (_1) In

Ci = .

—‘u,lri:i]'n (_I)ZI” n2xn?2

Let q := sz_:loqij. Then we can get the k-dimension of the image of map n' for all I > 0,

by the following two lemmas.

Lemma 3 Let n > 3 and q an r-th primitive root of unity. Ifl = 1'n +1 or I'n + 2 for some

integer I, then

n? -1, ifl! = 0;
rankn! = (I"+1)n?—k —1, ifnisevenorl iseven, andl = k'r;
(I' + 1)n?, otherwise.

Proof We first let [ = I'n+1 for some integer I’ and consider the matrix n'. If I’ =0, i.e., l =1,
it is easy to see that rankn' = n — 1. For the case I’ > 0, by elementary transformations, we can

change the matrix (4;|B;) into

0 - .- 0 (-1, 0 0
0 - e 0 0 (-1, 0
o --- 0 Ai,nfl 0 0 F;

for all 0 < i < I, where F; = (—=1)'I,, + (=1)(=D(=Dgl'~i [ Thus rank(A;|B;) = (n — 1)n +
rank(A; ,—1|F;). Note that rank(4;,—1|F;) = n or n — 1, and rank(A4; ,—1|F;) = n — 1 if and
only if

-1 'n? I'—i =1

rankA4;, 1 =n—1land F; =0 < ( , 2@1.
(-1 g =1.

That is, rank(A;|B;) = n? — 1 if and only if n is even or I’ is even and 7|i, r|l’. Therefore, if n is
even or [’ is even and I’ = k’r, then the number i such that rank(4;|B;) = n? — 1 is &/, and so
that rankn! = (I’ + 1)n? = k’ in this case. Thus we get the first part.

Next, we let | = I'n + 2 for some integer I’ and consider the matrix n'. It is easy to see that

rankn? = n — 1. For the case I’ > 0, by elementary transformations, we can change the matrix
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C

(Ph) into
(-1, 0 0
0 (-1, 0
0 0 E;
0 0 0
: : 0
0 0 Di,nfl

for all 0 < i < I', where E; = (=1)'I,, — (—1)!»Yq"~i[,. Thus rank(%%) =(n—-1n+
rank(&E’.zf—l). Similarly to the I = I'n + 1 case, we have rank(%) = n — 1 if and only if
rank D; ,_1 =n — 1 and E; =0, if and only if n is even or I is even and r|i, r|lI’. Hence we get

the second part and complete the proof of this lemma. [J

Lemma 4 Assume n > 3, q Is not a root of unity, and l = 'n+1 or I'n + 2 for some integer l.

Then
rankn! = n® -1, ifI=0;
(I'+1)n?,  otherwise.

Proof We can get rankn' and rankn? by direct calculation. If I’ > 0, similarly to the proof of
Lemma 3, we can change the matrix 7! into some simple matrices and obtain this lemma. [J

Now, we can obtain all the k-dimensions of the Hochschild cohomology groups of Ag.
Theorem 5 Let n > 3. We have
dim HH(A}) = dim HH?* (A7) =1 and dimeHH'(A7) =2.
For the higher degree Hochschild cohomology groups, i.e., [ > 3, we have
(1) if q is an r-th primitive root of unity, then
2k' +2, ifl=1Un+1,nisevenorl iseven, andl = k'r;
dim]kHHl(Ag)z K +1, ifl=1Unorl=10Un+2mnisevenorl iseven, andl' = k'r;

0, otherwise.

(2) If q is not a root of unity, then dimyHH'(A?) = 0 for all | > 3, and so that the
Hochschild cohomology ring HH*(Ay) is a 4-dimension k-algebra.

Proof By Lemmas 3 and 4, formula (x) and formula:
dim, HH'(A) = dim V' — dimgImn'™ — dimgIm &',

we obtain this theorem immediately. [
As a consequence of Theorem 5, we get the Hilbert series of the algebra Af for some special

cases by the simple calculation.
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Corollary 6 Let n > 3. The Hilbert series of the algebra Af is

14-2t+t2

o Az if q =1 and n is even;
. 2 2 . .
Z durn]kHHl(Ag)tl = 2{’{‘2“;2)3 - 1‘;2_’5;’5 , ifq=1 andn is odd,
=0 14 2t +t2, if q is not a root of unity.

4. Hochschild cohomology ring

In this section, we determine the structure of Hochschild cohomology ring of A7 when
q = H?J_:lo ¢i,; is not a root of unity, and thus provide another family of counterexamples to
Happel’s conjecture.

For any finite-dimensional k-algebra A, it is well-known that the Hochschild cohomology
ring

) =@ HH'(A) = @) Exty. (A, A)
1>0 1>0

is a graded commutative algebra under the Yoneda product, and that it is closely related to the
homological property and the representation theory of A (see [1,3,6]). But in general, HH*(A)
is not finitely generated and its Yoneda product LI : HH'(A) x HH*(A) — HH'"*(A) is difficult
to be given explicitly.

It follows from Theorem 5 that the Hochschild cohomology ring H H*(A7)) is a 4-dimension
k-algebra. Describing the elements in H H' (Ag) by the parallel paths, we can give the multiplica-
tion structure of HH* (A7) and show that H H*(Ay) is just the exterior algebra in two variables.

Proposition 7 If q is not a root of unity, then HH*(A) = A(u,v), the exterior algebra in two

variables.

Proof First for convenience, we identify the parallel path in V! with its image in HH' (Ag) for
all [ > 0. By the description of the parallel path in V', it is not difficult to see:

HHO An Ik{ Z ez]ufOz,] g )

4,j=0
n—1
HHl An ]k{z az,jufOzJ Z(bl7.77f1171,j)}7
1,5=0 i,j=0
HH2 An ]k{z az,] ,]+17f11])}g
4,j=0

Under the isomorphism ¢; : V! — Homp (P, A?) defined by (x, f) — &, ), where &, 5)(o(f) ®
t(f))iszif f = f" and is 0 otherwise, we have £, := Z?;O &(ass p2, ) and & = Z?;O Eibisfl i)
also form a k-basis of HH'(A?). Denote £2, = Z?J_:lo §(aisbigin.f2, )0 then HH?(A7) = k{&2,}.

Next, we consider the Yoneda product L : HH'(A) x HH*(A') — HH'"*(A7) by the

projective resolution P = (P, d;) constructed in Section 2. For all i > 0, we define maps
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(bi : Pi—i—l — Pl by

1 1
¢o: P — Py, { o(f(i,i,j) ®t(f(i,i,j) — 0, 1
O(fl,i,j) ® t(fl,i,j) = b ® t(fl,i,j);
(2,,)®t( 2,,)|_> 0
0 fO,l,] f0,7,7_] )
¢p1: Py— Py, U(fIQ,i,j) Y t(ffu) = =i bi; ® f(folﬁHlyj),
o(f3:;) @tf5; ;) = —biy @fl 41 );

It is easy to check that the following diagram with Af-bimodule homomorphisms is commutative:

da

fo—>h ==

R TN

Py &) Ag 0.
Véa

Ag

Thus the composition {0 ¢1 : P2 — Ay is just the Yoneda product &, U &, in HHQ(AQ), and one
can check that &, U &, = 4. On the other hand, by the graded commutativity of Ext algebra
HH*(AL), we have {, U &, = —§ U &, and &, U &, = 0 =& U & when chark # 2, and these still
hold by a direct calculation when chark = 2.

Finally, define map ® : HH*(Ay) — A(u,v) by & = u and & + v. It is easy to see that ®
is an algebra isomorphism. [J

Remark (1) It follows from this proposition that the algebras Ay provide a family of coun-
terexamples to Happel’s question when q is not a root of unity.

(2) Infact, Ay is a class of algebras with some strange homological properties. For example,
in [17], the authors considered the one-point coextension algebra Ag of A and provided a class
of counterexamples to Snashall-Solberg’s conjecture, i.e., the Hochschild cohomology ring of Ag

modulo nilpotence is infinitely generated.
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