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Abstract Another version of atom-bond connectivity index was defined by Graovac and Ghor-
bani, and called the second atom-bond connectivity index(ABC?>), which can provide convenience
for molecular feature and its extreme values are the focus of study. In this paper, by fractional
comparison, we give the structural properties of the extremal graphs which attain the minimal
ABC; index of unicyclic graphs of order n.
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1. Introduction

Molecular topological indices have found wide applications in QSPR and QSAR studies, and
they are one of the most active topics of the research in modern chemical graph theory [1]. On
the topological indices, there are many publications [2-6]. One of the most important topological
indices is the Randi¢ index, which is aimed at the use in the modeling of the branching of the
carbon-atom skeleton of alkanes, introduced by Randié¢ [7]. But a great variety of physico-
chemical properties are dependent on factors rather different than branching. In order to take

this into account, in 1998 Ernesto Estrada et al. proposed the atom-bond connectivity index

(ABC index for short) [8]. The ABC index of a graph G = ) is defined as
[dy 4+ dy — 2
ABC(G
Z  dyd,
uveE

where d,, denotes the degree of vertex u of G.

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The number
of vertices of G whose distance to the vertex u is smaller than the distance to the vertex v is
denoted by n, = n,(e|G) = |N,(e|G)| and Ny(e|G) = {w € V|d(w,u) < d(w,v)}. Analogously,
ny = ny(e|G) = |Ny(e|G)|, where Ny(e|G) = {w € V|d(w,v) < d(w,u)}, is the number of
vertices of G whose distance to the vertex v is smaller than to u. A pendent vertex is a vertex of

degree one and an edge of a graph is said to be pendant if one of its vertices is a pendent vertex.
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In 2010, Graovac and Ghorbani defined another version of the atom-bond connectivity index

[9], and we called the second atom-bond connectivity index (ABCs index for short)

ABCy(G) = Y L

weE Nully

Lower and upper bounds for the ABC5 index of general graphs and trees have been given
in [10], and the maximum ABC5 index of unicyclic graph also have been given in [11]. In this
paper, we obtain the minimum ABC5 index of unicyclic graph. All graphs considered in this

paper are finite, undirected, simple and connected.

2. Some lemmas

We devote this paper to prove lower bound on the ABC5 index of unicyclic graphs. The

proof is based on the following elementary lemmas.

Lemma 2.1 Let f(z) = Z32. Then f(z) is a decreasing function for x > 4.

x2

Proof We have 4 )
x(4—=x
f/(fr) = A
f'(x) = 0 leads to x = 4, when = € (4,+00), f'(x) < 0. Thus f(x) is a decreasing function
for x > 4. 0

Lemma 2.2 Let f(z) = %\/:1: —2, ¢ € [3,n— 1], n be a positive integer, and n > 7. Then
minmE[S,n—l] f(I) = f(n - 1)

Proof We have

, . —r+4
Fe) = mm=

Let f'(x) = 0. We have x = 4. When x € [3,4), for f/(x) > 0, f(z) is an increasing function;
z € (4,n—1], for f'(x) <0, f(x) is a decreasing function.
Note that f(3) = f(6) = 2, f(n—1) = 22222 (n > 7,n— 1 > 6) and f(z) > f(n—1). So

min  f(z) = f(n—1). O

z€[3,n—1]

Lemma 2.3 ([12]) If C,, is the cycle on n vertices. Then

2v/n —2 n is even;
n—1

Lemma 2.4 ([10]) Let T be a tree on n vertices. Then the path P, is the n-vertex tree with

n is odd.

the minimum second atom-bond connectivity index.

3. Lower bound on the ABC, index of unicyclic graphs

Let G = (V, E) be a unicyclic graph of order n with its circuit C,, = vivs -+ - vv1 of length

m, T1,Ta,..., T (0 < k < m) are the all nontrivial components (they are all nontrivial trees)
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of G — E(Cy,), u; is the common vertex of T; and C,,, i = 1,2,...,k. Such a unicyclic graph

is denoted by Cp """ (Ty, Ty, ..., T}). Specially, G = C,, for k = 0, and if k = 1, we write

Cp(Th) for C (Ty); if k = 1, n(Th) = 2, we write Cy,(Py) for Cp,(T1). Let n(T;) = 1; + 1,
i=1,2,...,k. Thenl=0 +lb+ -4+l =n—m.

Theorem 3.1 Let G be a connected unicyclic graph of order n (n > 3).
(1) If n =4, then
ABCy(C3(P1)) < ABC»(G) (3.1)
with equality holding in (3.1) if and only if G = C5(Py);
(2) If n =5, then
ABCy(C3(P,)) < ABC»(G) (32)
with equality holding in (3.2) if and only if G = Cs5(P);
(3) If n =6, then
ABCy(C3(Ps)) < ABC»(G) (3.3)
with equality holding in (3.3) if and only if G = C5(Ps);
(4) If n > 7, then
ABCy(Cy,) < ABC»(G) (3.4)

with equality holding in (3.4) if and only if G =2 C,,.

Proof (1) If n =4, then G = Cy or G = C3(P;). We have

ABCy(C3(P1)) = V2 + \/g < 2v2 = ABC,(Cy).

From the above, we get the required result (3.1). Morever, the equality holds if and only if
G = C3(P).
(2) If n=>5, then G = Cs or G = Cy(Py) or G = C3(P,), or G = C3"(Py, Py).

Now we have

ABC(Cs(P2)) = 2\/§+ M < ABCy(C5) = 57\/5
< ABCy(Cy(Pr)) = 2V2 + ?
< ABCQ(Ogl,u2(P17P1)) _ 3_\2/5 4 \/§

From the above, we get the required result (3.2). Morever, the equality holds if and only if
G = C3(P2).

(3) If n =6, then G = Cg or G = C3(Ps3) or G = Cy(Py) or G =2 C5(Py) or G = C5(T3), or
G20 (P Py), G O™ (P, Py), GOy (P, P, Py).
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Now we have

ABCH(Cy(Py)) = 2 4 23 HV2 2‘5/5 < ABC»(Cg) = 4

3 2
4 2
< ABC5(T3) =V3+ — + =
2( 3) \/5 3

5v2  2v5

< ABCy(Ca(Py)) = ABCy(Cs(Py) = 23 + =2
4 4
AB viz(p ) =vV2+ — + —
< ABCy(C{*"* (P, P1)) = V2 + 3+ 7
2 3 4
ABCy(C¥“ (P, Py)) =/ = + — + —
< 2( 3 ( 1, 2)) 3 + \/54‘ =

5
_|_
|c:

<ABCQ(Cgl’UZ’us(Pl,Pl,Pl)): 32 \/5
From the above, we get the required result (3.3). Morever, the equality holds if and only if
G= C3 (Pg)
(4) When n > 7, let G be a connected unicyclic graph of order n with girth m. We consider
two cases: n is even or n is odd. By Lemma 2.3, we know the ABC5 index of the cycle is different
when n is even or odd. Therefore, we further divide the analysis into the following four cases of

the unicyclic graph.
Case 1 n is even. In this case there are two subcases when m is even and m is odd.

Subcase 1.1 m is even. G is a connected unicyclic graph with n > 7 vertices, let edge
e=uv € E(G).

G

Figure 1 G: the unicycle graph

When e = uwv € E(C,,), there must be a symmetric edge ¢’ = v/v" € E(Cy,) and the distance
of vertex u’ to u is the same as the one from the vertex v’ to v, so it will have two components
G1 and G; for G-{e, €'}, suppose u € V1 = V(G1) and v € Vo = V(Ga), |Vi| = n1 and |Va| = na,

then n, = ny and n, = ne, for edge e = uv, \/% = ::1—’”22
When e = uwv € E(T;), G — e has two components G; and Ga, let u € V; = V(G1) and
v € Vo = V(Ga), |Vi| = n1 and |Va| = ng, then n, = n; and n, = na, for edge e = wuw,

Ny +Np—2 n—2
nyn, \/ ning’
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Then the second atom-bond connectivity index of unicyclic graph G is as follows

1

nl”Q'

ABC(G) =nvn —2

. 2 2
Since ning < W = -, we have

ABC5(G) = nvn — 24/ - 1n >nyvn—2 1 ABC5(Ch). (3.5)

Above equality occurs if and only if n; = ng = 3 holds for all e = uv, which implies G = C,,.

Subcase 1.2 m is odd. We consider the graph G, depicted in Figure 1. In G, for any edge
e =u'v' € E(Cy,), since Cy, is an odd cyclic, there is a vertex w; of Cp,, whose distance to the
vertex v’ and v’ is the same. Let e, ea € F(C,,) be the adjacent edges of vertex w;. It will have
three components G, G2 and G3 for G-{e, e1,ea}, suppose v’ € Vi =V (Gy), v' € Vo = V(G2)
and w; € V3 = V(G3), |Vi| = nui, |Va| = ng; and |Vs| = ng;, then ny; + na; + no; = n, and any
vertex of V3 does not belong to N, (e|G) or N,(e|G), Ny(e|G) = V1, N,(e|G) = Vo. On the other
hand, for any edge e = wv € E(T;) we have n,, + n, = n. Thus

n—2 n—"ng — 2
ABCAE) = D o, T

wveE(T, u'v GE(Cm)

Use the same way as Subcase 1.1, we can show that

/ 1
nn
nunv 29

with equality holding if and only if n, = n, =

E.

n—mno; — 2
nn ’
N1M24 33

In addition, we can prove that

that is
n—my—2_ n—Mg—2 n—2
dnying;  — (n—no)? n?
o2 )2
In order to prove the above conclusion, we use ni;ng; < ("“2"21) — Z“l) , SO

n—nOZ——2 n—nOi—Q

dning;  — (n—mnei)?

n—noi—

By Lemma 2.1, we have ﬁ

n—"ng; —2 n—2
T1:M24 279

. Thus
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From the above, we conclude that
vn—2
NNy
(3.6)

ABC(G) = (n —
( )Vn_ nn+mV’n’_

—2V/n =3 = ABC,(Cy)
% ng; = 1, which implies G = C

i =5,

IS
NS

with equality holding if and only if n, = n, = ny; = no;
Case 2 n is odd. In this case also there are two subcases when m is even and m is odd

xf
o'
: u v
¢ Vv G

Figure 2 G: the unicycle graph, G1: the unicyclic graph of Cp,—1(P1)

Subcase 2.1 m is even. We consider the graph G and G, depicted in Figure 2
Since m is even, n > m+ 1. When n =m + 1, then G = G = C,_1(P1).
- 2 Ty —|— Nyr — 2
Thqy Mooy
1)

—1
wv' €E(Ch—

n—2 1
+(n=1vVn =27
Tt

n—1

ABCy(Cp—1(P1))

When n > m + 1, there is at least a pendant edge xy and
Ng + 1Ny —2 2
NzTy n— 1

for any edge uv € E(G)\{zy}. Since m is even, we have
\/n -2
= Ny + Ny = N.

\/nu +n,—2
NNy NuNy
Then
n—2 1
ABCs(G) = +(n-1)vVn—-2 .
n—1 Ny Ny
Since n, + n, = n and n is odd, obviously, > m- Thus
n—2 1
+(n=Dvn—=2/m7
2 T2

ABC(G) > m—
= ABC3(Cp-1(P1))
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with equality holding if and only if n, = "771, Ny = ”TH, which implies G = C,,_1(Py).

Next, we need to prove ABC(Cy,—1(P1)) > ABC5(Cy,), that is

n—1-2

n—2 1
- +(n—1vn-— 2\/n1 e Y e
2 T2 2 T2

-1 2 2

n—2 n—|—1 n—2 \/n—i— n—2
TL—l 1n+1 1n+1

So, inequality (3.7) is equivalent to

vn—+1 n— n—3
2

+n—1) n—1n+l lnl’

We know that

(

2

n—1
\/ >n in1
n+l 5
vV 1 n—1
( nt —l—n—l)” >,
2 n+1

n—1 vn—1

>n—
n+1 2
(n+1)vn—1> (n—3).

It is clearly established (n > 7). Thus

(n—1)

ABOQ(Cnfl(Pl)): _1 +(n—1)\/n—2 n—1ntl
2 2
-3
>n nﬁl n+1 = ABOQ(CH)
2 T2

In conclusion, we know that
ABCQ(G) > ABCQ(Onfl(Pl)) > ABCQ(OH)

Therefore
ABCy(G) > ABC,(Cy)

with equality holding if and only if G = C,,.

Subcase 2.2 m is odd. We consider the graph G depicted in Figure 1.
Since m is odd, n > m; When n = m, then G = C,,,

ABCy(Cp) =y o122

When n > m, there is at least a pendant edge xy and

Ng+ny—2  [n—2
ngny  Vn—1
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For any e = w'v' € E(Cy,), let ny = ny;, Ny = no;, and n — (ny + ny ) = ng;. We have

Ny + Ny — 2 n—ngy; — 2
N My niingi

n—2 Ny + Ny — 2 Ny + Ny — 2
ABGy(G) = \[—— + > Erw— > ET—

weE(T; —zy) uw'v'€E(Cy)

2 -2 —ng; — 2
—i—(n—m—l)\/n —l—m\/n 1o .
n—1 Ny Ny n1iM24

Since n, + n, = n and n is odd. Obviously,

Thus

ﬁ

In addition, Nni1;N9; S (—n“;nm )2 = (—n7;0i)2, SO

n—n0¢—2> n—nOZ——27

2 vV (n—nOi)—Q.

nung \| (ZRe)2 T n—ng,

n—ngy; — 2 n—1-—2
n—mnoi \2 Z n—1y2
(=) (*5)
n—ngy; — 2 n—1-—2
NN, = n—1y2
1124 (2)

with equality holding if and only if ng; = 1, ny; = ne; = "T_l

By Lemma 2.2, we know

It means that

Next we can prove

that is

n—1—2>n—2 2 < 3
n—1 n+1"n—-1 n+1

, m>b.

It is obvious (n > 7).

As is above, we show that
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To sum up

n—noi—2

T13124

n—2
+m n—1n+1
2 2

—-1-2

n

In conclusion, we know that ABC5(G) > ABC3(Cy,—1(Py)) > ABC3(Cy,). Therefore
ABCy(G) > ABCy(C) (3.9)

with equality holding if and only if G = C,.

Using the above results with (3.5), (3.6), (3.8), (3.9), we get the required result. This

completes the proof of the theorem. [J
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