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Abstract In this paper, we first investigate the finite-rank product problems of several Toeplitz
operators with quasihomogeneous symbols on the cutoff harmonic Bergman space b2. Next,
we characterize finite rank commutators and semi-commutators of two Toeplitz operators with

: 2
quasihomogeneous symbols on b;,.
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1. Introduction

Let D be the open unit disk in the complex plane C and dA = ~drdf be the normalized
area measure on D. L%(D,dA) is the Hilbert space of Lebesgue square integrable functions on

D with the inner product

(f.9) = /D F(2)5(2)dA(2).

The Bergman space L2 (D) is the closed subspace of all analytic functions in L?(D, dA). Harmonic
Bergman space L? (D) is the closed subspace of L?(D,dA) consisting of the harmonic functions
on D. It is clear that

L7 (D) = L%(D) + zL2(D).

For a fixed positive integer n, {Z,%2,...,2"} C 2zL2, we define
W, ={z,7%,...,2"}V,
in which {-}V denotes the linear closed space spanned by {-}. Denote by b2 the cutoff harmonic

Bergman space, we have

b, = LW, (1.1)
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It is well known that K,(w) = m is the reproducing kernel for L2, R,(w) = K,(w) +
K.(w) — 1 is the reproducing kernel for L?. From the relationship of (1.1), we know that b2 is
a reproducing Hilbert space, its kernel is denoted by Rg"), and given by

R = K, (w) + Y (i + 1)(zw)",
i=1
Let P be the orthogonal projection from L?(D) onto L2 (D), @ be the orthogonal projection
from L?(D) onto L? (D), P, denote the orthogonal projection from L?(D) onto W, and Q,, =
P @ P, be the projection from L?(D) onto b2. It is clear that @, converges to @ by strong
operator topology. Since L2(D), L3 (D) and b2 are reproducing Hilbert space, we have

Pf(z) = (f,K.), Qf(2) = (f,R.), Quf(z) = (f,R™), Vfe L*D).

For ¢ € L>°(D), the Toeplitz operator T}, : L?(D) — b2 with symbol ¢ is defined by
Tof(2) = Quief) = | )t A w)aaw).

In 1964, Brown and Halmos [1] proved that if T¢T, = 0 on the Hardy space H*(T), then
either f or g must be identically zero. In [2], Ahern and Cuckovié showed that the result is
analogous to that in [1] for two Toeplitz operators with harmonic symbols on the Bergman space
of unit disk. Moreover in [3] they proved that if TyT, = 0, where f is arbitrary bounded and
g is radial, then either f = 0 or ¢ = 0. Those zero product results have been generalized to
finite rank product result in [4]. Cuckovi¢ and Louhichi [5] studied finite rank product of several
quasihomogeneous Toeplitz operators on the Bergman space of the unit disk. Furthermore, Yang
and Lu [6] studied finite rank product of quasihomogeneous Toeplitz operators on the harmonic
Bergman space of unit disk.

For two Toeplitz operators T}, and Ty, the commutator and semi-commutator are defined by
[T, Ty) =TTy — TyTy, (T, Ty =Tpy — T,Ty.

For the problem of finite-rank commutator or semi-commutator, Axler [7] and Ding [8] have
characterized it on the Hardy space completely. On the Bergman space the problem seems to be
far from solution. Guo, Sun and Zheng [9] completely characterized the finite rank commutator
and semi-commutator of two Toeplitz operators with bounded harmonic symbols on the Bergman
space of the unit disk. Cuckovié¢ and Louhichi [5] investigated the finite rank semi-commutators
and commutators of Toeplitz operators with quasihomogeneous symbols on the Bergman space of
the unit disk. Yang and Lu [6] have studied the finite rank commutators and semi-commutators
of quasihomogeneous Toeplitz operators on the harmonic Bergman space. Ding [10] solved the
finite rank commutators of Toeplitz operator with bounded harmonic symbols on the cutoff
harmonic Bergman space.

Motivated by Cuckovié and Louhichi [5], Ding [10] and Choe [11], we will discuss the fi-
nite rank (semi)commutators of quasihomogeneous Toeplitz operators on the cutoff harmonic

Bergman space.
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2. Preliminaries
Before we state our results, we need to introduce the Mellin transform.

Definition 2.1 Let f € L'([0,1],7dr). The Mellin transform f of a function f is defined by

fo) = | ey tar

It is clear that f is well defined on the right half-plane {z : Re z > 2} and analytic on {z : Re z >
2}. It is important and helpful to know that the Mellin transform f is uniquely determined by

its value on an arithmetic sequence of integers. In fact, we have the following classical theorem
[12,p.102].

Theorem 2.2 Suppose that f is a bounded analytic function on {z : Rez > 0} which vanishes
at the pairwise distinct points z1, za, . .., where

(1) inf{|z]} >0,

(2) anl Re(i) = 0.
Then f vanishes identically on {z : Rez > 0}.

Remark 2.3 We shall often use this theorem to show that if f € L([0,1],rdr) and if there

exists a sequence (ng)r>0 C N such that
~ 1
= 0 d _— = s
f(ng) an E - 00
k>0

then f(z) =0 for all z € {z: Re(z) > 2} and so f = 0.
Let p € Z. A function ¢ € L'(D,dA) is called a quasihomogeneous function of degree p if

is of the form e™? f, where f is a radial function, i.e.,
plre”) = e f(r)

The main reason for many researchers to study Toeplitz operators with quasimonogeneous

symbols is that any function f in L?(D,dA) has the polar decomposition

f(,reie) _ Zeikefk(r)7

keZ

where fj are radial functions in L?([0, 1], rdr).
Lemma 2.4 Let p > 0 and ¢ be a bounded radial function. Then for each k € N,

Toivop(2%) = 2(p+ k + 1)P(2k + p+2)2P1F, vk > 0.

20k —p+1)p(2k —p+2)2"P,  k>p,
To-o,(2*) = 2(p — k + 1)@(p + 2)2P7F, p—n<k<p,
0, k>p—n.

Ifp >n,
Tono,(Z") =2(p—k+ 1)P(p+2)2PF, Vi<k<n



172 Jingyu YANG, Yufeng LU and Huo TANG
T,-ivo,(2°) =0, V1<k<n.
Ifp <n,

(p+2)zPF, k < p,

Lo (5 2p—k+1)
e )P(2k —p+2)2FP, p<k<n.

9
2k—-p+1)p

T - 20k +p+1)p(2k +p+2)2FP, 1<k<n-—p,
e—ipd H| 2 =
i 0, n—p<k<n.

3. Finite rank product of n Toeplitz operators

We will discuss the finite rank product of Toeplitz operators with quasihomogeneous symbols

in this section.

Theorem 3.1 Let p1,...,pm € Z7|J{0} and ¢1,...,0m be bounded radial functions. If
Teivmey,, - Teinioy, Is of finite rank M, then @; = 0 for some i € {1,2,...,m}.

Proof We denote by S the product of Toeplitz operators Tivmoy,, *** Teirio, -
For any ¥ € b2 (1 < k < n), it is clear that {S(Z*)|1 < k < n} has finite rank, and its rank
is less than n.

On the other hand, {S(z*)|k > 0} must have finite rank, which, by [5, Theorem 2], implies
that ¢; = 0 for some i € 1,2,...,m. The proof of this Theorem is completed. I

Theorem 3.2 Let p1,...,pm € ZT|J{0} and ¢1,...,0m be bounded radial functions. If

To-ivmog,, - To-inoy, has finite rank, then ¢; = 0 for some i € {1,2,...,m}.

Proof Let S denote the product of Toeplitz operators T, —ipmo,, « - To—irr6,, . Since S has finite
rank on b2, it follows {S(ZF) : 1 < k < n} and {S(z*) : k > 0} are have finite rank.

For {S(z*) : 1 < k < n}, it is clear that it has finite rank for any ;.

On the other hand, by Lemma 2.4 for k > Z;"zl Djs

S(Zk) :Te—'iprO(pm tee Te—'iplewl (Zk)
:2(16 —P1 + 1)@(21@ — D1 + 2)2(k’ —P1 — P2 + 1)@(2k - 2p1 — P2 + 2) tee
2k —p1— -+ — P+ 1)@ (2k — 2p1 + - — 2Py — P + 2)2F PP

By [6, Theorem 3.3], we can get ¢; = 0 from the fact that {S(z*) : k > 0} have finite rank. The
proof of this Theorem is completed. (I

Corollary 3.3 Let p1,...,pm € Z and 1, ..., o, be bounded radial functions. If Teipmoy,, -

T,ir10,, is of finite rank M, then ¢; = 0 for some i € {1,2,...,m}.

4. Finite rank commutator
In this section, we investigate the commutator [Tiire,, Teisoy] and [Teive,, Te-isoy], p,s > 0.

Theorem 4.1 Let p, s be non-negative integers and at least one of them is nonzero. Let ¢ and



Algebraic properties of Toeplitz operators on Cutoff Harmonic Bergman space 173

Y be two integrable radial functions on D such that T,ive, and Tise,, are bounded operators. If
the commutators [Tgire,, Teiso,] have finite ranks M and p + s < n respectively, then M is at

most equal to s + p, otherwise if p+ s > n, M is at most equal to n.

Proof Let S denote the commutator [T,ipe,, Tpiso,]. Since S has finite rank on b2 (D), we know
that {S(2*)}x>0 and {S(z¥)}1<r<, must have finite rank.
Firstly, if {S(2%)}r>0 has the finite rank N, we have

S(z*)=0, Vk> N, > N. (4.1)

By Lemma 2.4, Eq. (4.1) is equivalent to

o~ o~

2k +s+1)1h(2k + 5+ 2)P(2k + 25+ p+2) = 2(k + p + 1)F(2k + p + 2)(2k + 2p + s + 2),
by the proof of Theorem 6 in [5], we known that the rank of {S(z*)},>0 is equal to zero, i.e.,
N =0.

On the other hand, we suppose the rank of {S(z¥)}1 <1<, is equal to M, by Lemma 2.4, we
can obtain the following results.
Ifp>n,
TeisewTeipSW(Ek)
=2(p—k+1)2(p+s—k+1)@(p+2)P2pp — 2k + s +2)2" 7, 1<k <n.

If p<n, p+s>n, then

Tieoy Toino ) (2¥) = 20—k +1)2(p+s—k+1@(p+2)%(2p — 2k +5+2)2PTF 1<k <p,
erfypeniy 2(k —p+1)2(p + 5 — k + 1)B(2k — p+ 2)P(s + 2)2P 2, p<k<n.

If p<n, p+s<n, then

2p—k+1)2(p+s—k+ 1)@ +2)0(2p — 2k + s+ 2)2P Tk, 1<k<p,
TeisewTeip%(Ek) =<{2k—p+1)2(p+s—k+1P(2k —p+ 2)ih(s + 2)zPHF—5 p<k<p+s,
20k —p4+1)2k —p—s+ 132k —p+2)Pp(2k —2p —s+2)Z"F*"P, p+s<k<n.

If s > n, then
TeipewTeisew(Ek) =2(s—k+1)2(p+s—k+ 1)12(5 +2)p(2s — 2k +p+2)2PTk 1<k <n.

If s <n, p+s>mn,then

- 2s—k+1)2(p+s—k+1)P(s+2)3(2s — 2k +p+2)2PT5 % 1<k <s,
Teip9 Teisew(z ) = -~ ~ ts—k
¥ 2(k—s+1)2(p+s—k+1)Y(2k — s+ 2)p(p + 2)2P s s<k<n.

If s <n,p+s<n,then

2s—k4+1)2(p+s—k+1)d(s + 2)P(2s — 2k + p + 2)2PT57F, 1<k<s,
TeiPBLpTeisew(zk) ={2k—s+1)20p+s—k+1)p((2k —s +2)@(p + 2)2PT57F, s<k<p+s,
2k —s+1)2k —s—p+ 1Pk —s +2)P(2k —25s —p+2)ZF P, p+s<k<n.

From above calculation, we can express S(z") as follows.
Case 1. p+s<n
)‘ka ) p+87k, 1<k<p+ ,
sty = I Sp)zk SkEspts
Bk,s,p)z" P, p+s<k<n,
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in which A(k, s,p) and B(k, s, p) are the functions with respect to s, k,p. By [6, Theorem 4.1], we
know that
Sz =0, k>p+s.
So in this case, {S(z") : 1 < k < n} C {\(k,s,p)zP™*"% : 1 < k < p+ s}, the rank of
{S(Z*) : 1 < k < n} is at most equal to p + s.
Case 2. p+s>n
S(Z*) = a(s, k,p)PT57F 1<k <n,

in which a(s, k, p) is the function for s, k, p. In this case {S(Z*) : 1 < k < n} C {a(k,s,p)zPT57F .
1 < k < n}, so the rank of {S(z¥) : 1 < k < n} is at most equal to n. This completes the proof. [J

Theorem 4.2 Let p,s > 0 and at least one of them is nonzero. Let ¢ and v be two integrable
radial functions on D such that Tiipe,, and T,-iss, are bounded operators. If the commutator
[Tiv6p, Te—is0,,] has finite rank and p > s, then its rank is at most equal to n + s. If the
commutator [Tyipo,, T,—is0,] has finite rank and p < s, then its rank is at most equal to n + p.

Proof Let S denote the commutator [T,ipe,,, T,~i:0,]. We will prove the case of p > s in details.

Since p > s, by direct calculation, we have
Tpis0y Teivo s (2F)
=T, w0y 2(p + k + 1)P(2k + p + 2)2PTF]
=2p+k+ 1Pk +p+2)2(k+p—s+1)h(2k+2p — s+ 2)2FP~ k> 0.

For T,ipo,T,—is0y (") we will discuss it from different cases.

Case 1. s >n,

2k —s+ D)2k +p—s+ 192k — s+ 2)P(2k — 25 + p+2)2F TP~ k>,
TeipewTefisew(zk) =<2 —k+1)2k+p—s+1)(s+2)B(p + 2)FtP==, s—n<k<s,
0, 0<k<s—mn.
Case 2. s <n,
T )T, (z”“) _Jek—s+ 12k +p— s+ 1Pk — s+ 2)F(2k — 25 + p+2)2FPTE k>,
etPlpteisfy T )25 — k- D)2(k+p— s+ 1)P(s + 2)F(p + 2)FHPs, 0<k<s.

From the above discussion, we know that if s > n, then

2k +p—s+ D2k —s+ 1)D(2k — s+ 2)P(2k — 25 + p + 2)

—2(k +p+ 1)B(2k + p + 2)1(2k + 2p — s + 2)]zF =7, k> s,
S(2%) = {2tk +p— s+ D)[2(s — k + V(s + 2)8(p + 2)
—2(k+p+ DP2k + p + 2)P(2k + 2p — s + 2)] 2 TP~s, s—n<k<s,
—2(k4+p—s+1)2k+p+1)P2k+p+2)d(2k 4+ 2p — 5+ 2)]zFP7°, 0<k<s—n.
If s < n, then
2k +p—s—+ D2k — s+ )2k — s + 2)P(2k — 25 + p + 2)
S(zF) = § T2k E DRk p 2)9(2k +2p — s +2)]F 7P, k>,
T )2tk +p—s+D[2(s —k+ 1D)Y(s +2)3(p + 2)

—2(k+p+ D@2k +p+2)%(2k + 2p — 5 + 2)]zF P2, 0<k<s.

By [6, Theorem 4.3], we know that

S(zF) =0, k>s,
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then we can get that
{S(z") 1k >0} C {S(z"):0<k < s} Cspan{z':p—s<I<p}.
Next, we discuss {S(zF) : 1 < k < n}.
Firstly, we give the expression of Te—isewTeip9¢(Ek) (1<k<n).Ifp>n,p—s>n,
T, ooy Toivo (Z°) = 2(p — k + 1)2(p — k — 5+ 1)B(p + 2)0(2p — 2k — 5 +2)zP7*5, 1<k <n.
If p>n, p—s <n, then

_ 2p—k+1)2(p—k—s+ 1P +2)%(2p — 2k —s+2)2P"F"° 1<k<p-—s,
TefisewTeipetp(zk) :{ (p +1)2(p s+ 1)@(p +2)¥(2p s+2)z <k<p—s

2p—k+1)2(s —p+k+ D)@+ 2)3(s + 2" 77, p—s<k<n.
If p < n, then
2p—k+1)2(p—k— s+ 1)3(p + 2)P(2p — 2k — 5 +2)2P 777, 1<k<p-s,
T,-isoTyino p(Z7) = 20— k + 1)2(s — p + k + DB(p + 2)(s + 2577, p—s<k<p,
2k —p+1)2(k—p+s+1)P(2k —p+2)Ph(2k —2p+ s+ 2)2°TF P p<k<n.

Secondly, we give the expression of T,ipe,Tp-is04(Z") (1 < k < n).
If s > n, then Toipo,Th-icoy(2F) =0, 1 < k < n.
If s <n,p>n, then

Toino Ty ie0yy (27) = 2k +s+1)2p—k—s+ 1Pk +5+2)3(p+2)2P 7%, 1<k<n-—s,
eirlple=isty o, n—s<k<n.

If s <n, p<n, then

. 2k +s+1D2(p—k—s+1)P(2k + s +2)3(p + 2)2P~F 2, 1<k<p-—s,
Tpivo yTo—is0p(Z7) = S 2(k+ s+ 1)2(s —p+ k+ 1)p(2k + 5+ 2)3(2k + 25 +p+2)7" 777, p—s<k<n—s,
0, n—s<k<n.

From the above formula, we have
Ifp<n,p>n-—s, then

2Ap—k—s+ 12k +s+ 1)P(2k+ s+ 2)3(p + 2)

—2(p— k4 1)@(p+2)d(2p — 2k — s + 2)]2P7F 7, 1<k<p-s,
S(Ek) _ )2kt s—p+ DRk +s+ D (2k + s +2)P(2k + 25+ p + 2)

—2(p— k+ 1)@(p + 2)9h(s + 2)]z7 77, p—s<k<n-—s,

—2(k+s—p+1)2(p — k+ 1B+ 2)P(p + 2)z°TH7, n—s<k<p,

—2(k4+s—p+1)2k —p+ 1Pk —p+2)Ph(2k —2p+ s +2))Z°TF P, p<k <n.
If p<n,p<n-—s,then

2p—k—s+ 12k +s+ )Pk + s +2)3(p +2)

—2(p— k+ D)B(p + 2)(2p — 2k — s + 2)]zP 77, 1<k<p-—s,
2(k+s—p+ D20k +s+ DDk + s +2)F(2k + 25 +p + 2)

S(E) = { ~2(0— k+ D3+ 2)8(s + 27, p—s<k<p,
2k+s—p+1D2k+s+D)Y2k+s+2)p(2k +2s+p+2)
—2(k —p+ )32k — p+ 2)9(2k — 2p + s + 2)7°TF 7P, p<k<n-—s,

—2(k+s—p+1)2k —p+ 1Pk —p+2)h(2k —2p+ s+ 2))Z°tF P, n—s<k<n
Ifp>n,s>n,p—s>n,then
S(E*) = —2(p — kps + 1)2(p — k + 1)B(p + 2)(2p — 2k — s +2)2P 5% 1<k <n.
Ifp>n,s>n,p—s<n,then

S(Ek)— —2p—k—s+1)20p—k+1)P(p+2)%p(2p —2k —s+2)zP"F"5 1<k<p-—s,
—2(k+s—p+1)2(p—k+1)3(p+2)d(s +2)z"77, p—s<k<n.
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Ifp>n,s<n,p—s>n,

—2(p—k+ 1)@(p+ 2)9%(2p — 2k — s + 2)]2P 75, 1<k<n-—s,

2p—k—s+ 120k +s+ P2k + s +2)3(p + 2)
S(zh) =
2p—k—s+1)2(p—k+1DP(p+2)0(2p —2k —s+2)2"PF 5 n_s<k<n.

Ifp>n,s<n,p—s<n, then

2p—k—s+ 12k + s+ )Pk + s +2)3(p + 2)

S(zF) = —2(p— k + D)B(p + 2)1p(2p — 2k — s + 2)]zP7F 72, 1<k<n-s,
- —2(p—k—s+1)2(p—k+1){5(;0-&-2)1/)(21)—2k—s+2)zp7k75, n—s<k<p-—s.
—2s—p+k+1)2(p—k+ 1P+ 2)P(s +2)z°HF P, p—s<k<n.

Then we have
1) p<n,
{SE"):1<k<n}C{SE"):1<k<p}
Qspan{zl:OSZSp—s—l}USpan{El:0<l§n+s—p}.
(2) p>n,s>n, either

{SE*):1<k<n}Cspan{z' :p—s—n<I<p—s—1},

or
{S(Ek):lgkgn}gspan{zl:0§l§p—s—1}Uspan{§l:0<l§n—|—s—p}.
(3) p>n, s <n, either
{SE*):1<k<n}Cspan{z:p—s—n<I<p—s—1},
or

{S(Z*):1<k<n}Cspan{z' :0<I<p—s—1}|Jspan{z' : 0 <l <n+s—p}.
Combining with {S(2*) : k > 0} and {S(z*) : 1 < k > n}, we have
{S(4):0 < k < s} J{S(") - 1 <k <n} Cspan{s: p—s—n <1 <p},
or
{SM:0<k< S}U{S(Ek) :1<k<n}Cspan{z':0<1 <p}Uspan{§l :0<l<s+n—p},

we can get that the rank of S is at most equal to s + n.

Similarly, for p < s by direct calculation and [6, Theorem 4.3], we can obtain
S(zF)=0, k>s.

Furthermore, we can obtain that
If s > n, then

{S(z*): 0 < k < s} Cspan{z’: O§l<p}Uspan{§l 10 <1 <n},
{SE"):1<k<n}Cspan{Z' :s—p<l<n}
If s < n, then

{S(z%): 0 <k < s} gspan{zl:0§l<p}Uspan{El:0<l§s},
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{S(Z"): 1<k <n}Cspan{Z :0<1<n},
or
{S(zZ*):1 <k <n} Cspan{z':0<1 <p}Uspan{El :0<1<n}
So we know that
{S(zF):0<k< S}U{S(Ek) :1<k<n}
Cspan{z' : 0 <1< p} Uspan{?l :0 <1 <n},

then the rank of S is at most equal to n + p. This completes the proof. [

5. Finite rank semi-commutators

In this section, we will study the semi-commutators of tow Toeplitz operators with quasiho-

mogeneous symbols.

Theorem 5.1 Let p,s > 0 and at least one of them be nonzero. Let ¢ and v be integrable radial
functions on D such that T,ipe,, and T,is0,, are bounded operators. If (T,ipo,,, T,is0,] has finite
rank and p+ s < n, then its rank is at most equal to p+s— 1. If the commutator (Tyipe 5, Tpis0,]

has finite rank and p + s > n, then its rank is at most equal to n.

Proof Let S denote (T,

¢ind oy Teisoy]. By Lemma 2.4, we can obtain that

Toitor0pp(2°) = 20+ k + 5 + D)pth(2k + p + 5+ 2) 2P+, k>0,

Tyivo, Tiso () = 2(k + 5+ 1)2(k +p + s + 1)(2k + s + 2)§(2k + 25 + p + 2)2"47+ k> 0.
Then we have

S(Z*) =2(p+k+ s+ )2k + s+ 1)p(2k + 5+ 2)P(2k + 25 + p + 2)—
oV (2k +p+ s+ 2)]2F TP VE > 0.

By [5, Theorem 4], we know that
S(zF) =0, Vk>0,

so the rank of {S(z*) : k > 0} is equal to zero.
Next, we discuss the rank of {S ZF):1<k< n}. By direct calculation,
if s > n, then

S(zF) = 2(p—|—s—k+1)[2(5—k+1)$(s+2)@(23—2k+p+2)—;1\/1(]94-3—1-2)]21’“*’“, 1<k<n,

if s <n,p+s<n, then

2p—k+s+1)[2(s — k + 1)9(s + 2)P(2s — 2k + p + 2)

—ed(p+s+ 2R 1<k<s,
S(fk) o 2(11\7k+s+1)[2(k7s+1)¢(2k75+2)(5(p+2)
7] —et(p + s+ 2)]PTF, s<k<p+s,

2k —s —p+1)[2(k — s+ 1) (2k — s + 2)P(2k — 25 — p + 2)
—pp(2k — p — 5 +2)]7F 7P, pts<k<n,
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if s <n,p+s>n,then

2p—k+s+1)[2(s —k+ 1)P(s +2)5(2s — 2k + p+ 2)

S(z%) = —eP(p+ s+ 2)]2P T, 1<k<s,
T Y 2p—k+s+ D2k —s+ D2k — s+ 2)F(p +2)
—d(p+ 5+ 2))zPtek, s<k<n.

From the above equation, we have

If p+ s > n, then
{SEF):1<k<n}Cspan{z':p+s—n<I<p+s—1},

then the rank of {S(z*)} is at most equal to n.
If p+ s < n, then by [6, Theorem 5.1], we know that

S(Z*) =0, k>p+s,

then
{(SE"):1<k<n}={SE"):1<k<p+s}Cspan{z! : 0<I<p+s—1},

the rank of {S(z*): 1 < k < n} is at most equal to p 4 s — 1, the proof is completed. [J

Theorem 5.2 Let p,s > 0, s > p and at least one of them be nonzero. Let ¢ and v be integrable

radial functions on D such that Teipe,, and T,-iws,, are bounded operators. If (Tiive,, Te-iz0y]

o]
has finite rank and s < n + p, then the rank of it is at most equal to n + p. If the commutator

(Tivo,y, To—is0,] has finite rank and s > n + p, then its rank is at most equal to s.

Proof Let S denote (T,ipo,, To-ico,]. We will discuss the rank of {S(z*) : k > 0} and {S(z") :
1<Ek<n}.

Firstly, we characterize {S(z¥) : k¥ > 0}. By Lemma 2.4, we obtain the following results
directly

T,

ky _ J2(k—s+p+1D)ep(k—s+p+2)2F P k>s—p,
e*i(sfp)ﬂgow(z ) =

2s —p—k + 1)gip(s —p+2)7° P, 0<k<s—p.

If p>n, s>n, then

2k —s+1)2k+p—s+1)P(2k — s+ 2)F(2k — 2s + p+2)zF TP k>,
ToinoTo-ivoy (25) = { 2(s — k + 120k + p — s + D)(s + 2)@(p + 22572, s—n<k<s,
0, 0<k<s—n.

If p<n, s <n, then

2k —s+1)2k+p—s+ 1Pk — s+ 2)(2k — 2s + p+2)zF TP k>,
Te'ip9<pTefi59w(Zk) =25 —k+1)2k+p—s+ (s +2)F(p + 2)"+P—=, s—p<k<s,
2s—k+1)2(s —k—p+ 1)P(s +2)F(25 — 2k — p+2)z°~* P, 0<k<s—p.

If p<n, s>n, then

2k —s+ 12k +p—s+ D2k — s +2)P(2k — 2s + p+2)2F 5P k>,

By ) 2(s—k+1)2(k+p—s+1)P(s+ 2)@(p + 2)z"HP 2, s—p<k<s,
Te'ip9 Te—isew( )— -~ ~ —s—J—
® 2(s—k+1)2(s—k—p+ DY(s+2)p(2s — 2k —p+ 2)Z P s—n—p<k<s—p,
0, 0<k<s—n-—p.

From above formula, we have
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If p>n, s>n, then

2(1L+p—s+1)[2(k—s+1)&(2k—s+2)¢(2k—23+p+2)

—pp(2k +p— s+ 2)]zk_s+p k> s,

S(zF) = 2(k +p— s+ 1)[2(s — k +1)9(s +2)@(p + 2)
—p(2k — s + p — 2)] 2R TP, s—n<k<s,
—Q(k—s+p+1)g;’(\/)(2k—s+p+2)zk+p757 s—p<k<s—mn,
—2(s —p—k+1)gih(s —p+2)z° P F, 0<k<s—p.

If p<n,s<n, then

2(li\+p—s+1)[2(k—s+1)12(2k—s+2)$(2k—23+p+2)

—ph(2k +p — s + 2)]2F o FP, k> s,
§(4) = 20 p—s £ DR~k 1T+ 270 +2)

—oh(2k — s+ p — 2)]2FtP—s, s—p<k<s,

20s —p—k+1)[2(s — k+ 1)(s +2)P(2s — 2k — p +2)

—pP(s —p+2)|z° Pk, 0<k<s—p.

If p<n, s>mn, then

2(li\+pfs+1)[2(k:7s+1)1/1(2k73+2)@(2k72s+p+2)

—U(2k +p — s+ 2)]2F TP, k> s,
2k +p—s+1)[2(s — k+ 1)p(s +2)3(p + 2)
S(Zk) = —@(2k—s+p—2)]zk+p*s, s—p<k<s,
20s —p—k+1)[2(s —k + 1)@(s + 2)%(2s — 2k — p+ 2)
—p(s —p+2)]7° P, s—n-p<k<s—p,
—2(3—p—k+1)@(s—p+2)§sﬂ7*k, 0<k<s—n-—np.

By [5, Theorem 5], we know that
S(zF) =0, VEk>s,
then clearly,
{S(z*):0<k < s} Cspan{z':0<1 <p}Uspan{§l :0<i<s—p}

Next, we discuss {S(?k) :1 <k <n}. By Lemma 2.4, we have
If s —p > n, then
Ty-ico-mopp(Z¥) =0, 1<k <n.

If s —p < n, then

T,

—k 2(k+s—p+1)@(2k+s—p+2)2k+57" 1<k<n-—(s—p),
efi(sfp)ewl,(z ) =

o, n—(s—p)<k<n.
If s > n, then

ToivoTo-i004(ZF) =0, 1<k <n.
If s <n, p<n, then

Too T kv J2k+s+1)2k+s—p+ )2k +s+2)P(2k+ 25+ p+2)Z°TTP 1<k<n-—s,
eiPfp e*“’ew(z )* 0, n—s<k<n.

Furthermore, we can obtain

If s >n, s—p>mn, then
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If s >n, s —p < n, then

_k 2k +s+ 12k +s—p+ D2k +s—p+2)Z"TF, 1<k <n—(s—p),
S(zF) =
0, n—(s—p)<k<n.

If s <n, p<n, then

2k+s—p+1)[2k+s+1)P(2k + s+ 2)P(2k + 25 + p + 2)

S(E’“) _ P2k + s — p + 2)]FF TSP, 1<k<n-—s,
—2(k+s—p+1)pY(2k+s—p+2)z°t°?, n—s<k<n-s+p,
0, n—s+p<k<n.

From above discuss, we have

If s —p > n, then

If s —p < n, then
{S(Zk) 01 Skﬁn}gspan{il:s—p+1§l§n}.
Combining the above with
{S(z%): 0 < k < s} C span{2’ :O§l<p}Uspan{§l 10 <1 <s—p},

we obtain that

If s — p > n, then
{S’(zk):k;EO}U{S(Ek) 1<k<n}C{S(":0<k<s}
Qspan{zl:0§l<p}Uspan{§l:O<l§s—p},

which means that the rank of S is at most equal to s.

If s —p < n, then
{S(z*) : k >0} U{S(Ek) :1<k<n}
C{SE":0<k< S}U{S(Ek) 1<k <n}
Cspan{z':0< 1< p}Uspan{El 10 <l <n},
which means that the rank of S is at most equal to n + p. This completes the proof. O

Theorem 5.3 Let p,s > 0, s > p and at least one of them be nonzero. Let ¢ and v be integrable
radial functions on D such that T,ipe, and T,—iws,, are bounded operators. If (T,—iz0y, Tpiro )]
has finite rank and s — p < n, then its rank is at most equal to n. If the semi-commutator

(Tp-is0y, Tpive 5] has finite rank and s — p > n, then its rank is at most equal to s — p.

Proof Let S denote the semi-commutator (T,isoy, Tyire,,]. From direct calculation by Lemma

2.4, we have

T,

e

. (2F) = 2k —s+p+ 1Pk —s+p+2)2" P k>s—p,
—iE=P)0%y T )2(s—p—k+1ep(s —p+2)z°PF, 0<k<s—p.



Algebraic properties of Toeplitz operators on Cutoff Harmonic Bergman space 181
If s —p > n, then
2k+p+1)2k+p—s+1)P(2k+p+ 2)12(21.3 +2p—s+2)2F TP k> s —p,
Te*“"wTeipego(zk) = q2k+p+ 12 —k—p+ 132k +p+2)¢(s+2)2° 577, s—p—-n<k<s—p,

0, 0<k<s—p—n.
If s — p < n, then

T,

(&

oy oo (%) =  2E+PF DAk 42— s £ DIk +p+ 2002k +2p =5 + 2247707, k25 —p,
TP SeIolT T\ 2(k 4 p + 1)2(s — k — p + D@2k + p + 2)3(s + 2)2°7F P, 0<k<s—p.

From the above results, we can obtain that

If s — p > n, then

2(k +p—s+ D2k +p+ B2k +p+2)P(2k +2p — s +2)

—op(2k — s+ p+ 2)]2FTsHP, k>s—p,

S(2%) = 2(s =k —p+ D20k + p+ )Pk + p+ 2)B(s + 2)
—pu(s —p+2)F°F P, s—p-n<k<s—p,
—2(s—k—p+1)@(s—p+2)?s’k’p, 0<k<s—p—n.

If s — p < n, then

2k +p—s+ D2k +p+ )Pk +p+2)B(2k+2p — s +2)

() —pP(2k — s +p +2)]~ P, - k>s—p,
2(s — k —p+ D)[2(k + p + D@2k + p + 2)3(s + 2)
—gU(s —p+2)F° k7, 0<k<s—p.

By [6, Theorem 5.4], we know that
S(zF) =0, k>s—p,

furthermore, we derive that

{S(z"):0<k <s—p}Cspan{z : 0 <1 <s—p}.
Next, we characterize {S(z*) : 1 <k < n}.
For Te_us_p)sww(ik), we have
If s — p > n, then
Te—i(s—p)etpw(zk) =0, 1<k<n.
If s —p < n, then
Zky _ J20k+s—p+ Dok +s—p+ 2P 1<k <n—(s—p),
Te_f,(s_mswp(z )= {07 n—(s—p) <k<n.
For T,-i.04T,iw0,(2"), we obtain that
If s >n, s—p>n, then
T,-isopTine ,(Z") =0, 1<k <n.
If s >n, s —p < n, then

, ek J20—k+ D)2k + s —p+ DB+ 2)U(s + 22T, 1<k <n—(s—p),
To—isoyTine ,(Z7) = {0, n—(s—p)<k<n.

If s <n, p<mn, then

. 2p—k+1)2(k+s—p+1)@(p+2)d(s + 27" 7P, 1<k<p,
To-isoyToino (") = Q 20k —p+ 1)2(k —p+ s+ DGRk — p+2)D(2k — 2p+ 5+ 277, p<k<n—s+p,
0,

n—s+p<k<n.
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From above results, we have
If s>n, s—p>n, then

Sz =0, 1<k<n.
If s >n, s—p<mn, then

2(k + s —p+1)[2(p — b+ DB(p + 2)9(s +2)
S(z%) = { —ebk + s —p+ 27, L<k<n—(s—p).
0, n—(s—p)<k<n.

Ifs<n,p<n,s—p<n, then

2k +s—p+ D20 —k+1)@(p+2)P(s +2)

—eP(2k + 5 — p+ 2)]FF T, 1<k<p,

S(ZF) = {2k + 5 —p+ D20k — p+ 1)P(2k — p+ 2)B(2k — 2p + 5 + 2)
—p(2k + 5 — p+2)|z P, p<k<n—s+p,
0, n—s+p<k<n.

Then we can get
If s — p > n, then
{SE*):1<k<n} =0

If s — p < n, then
{S(E"): 1<k <n}Cspan{Z' :s—p<l<n}.
Combining the above with
{S(z*): k> 0} C{S(zF): 0<k < s—p} Cspan{z : 0 <1< s—p},
we have if s — p > n, then
{S(zF) k> 0} J{S(z") : 1 <k <n} Cspan{z' : 0 <1 < s—p},

which means that the rank of S is at most equal to s — p.
If s — p < n, then

{S(zk):kZO}U{S(Ek) 1<k <n}
Qspan{zl:0§l<s—p}Uspan{El:s—p<l§n}
zspan{zl :0 <1< n},

which means that the rank of S is at most equal to n.

6. Examples

In this section, we give some examples with respect to the above conclusions.

Example 6.1 We give an example about Theorem 4.1. From the proof of Theorem 4.1 we know

that
Teipé’TmTeisef(zk) = TEiSGfTeipé}Tm (Zk), k‘ Z 0

Next we will construct a radial function f, such that

T yinopm Tyiso (Z7) = Toiso fTpinom (Z), k> p+s,
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where p > 0, s > 0 and m > 0.
Eq. (6.1) implies that for k > p + s,

kE—p+1 ~ k—s+1 ~

2%k —2s—p+m+2
Thus for k > p+ s,

r—/s—Tpf(2k+2)  (2k+2-25)(2k+2—p+m)

P (2 +24+2p)  (2k+2—2p)(2k+2—p+m—2s)

Now, using Remark 2.3, we obtain that

rm B f(z42p) (2 2p)(z — p+m—2)
r—/s—?pf(z) - (z=2))(z—ptm) 7 (6:2)

for all Rez > 2p + 2s + 2.
Let F be the analytic function defined for Re z > 2p + 2s by

B F( zf2p)l—w( zfp72s+m)

F(Z) - 2zpf s zf2p m )
T(2528) T (2

where T' denotes the gamma function. Then using the well-known identity I'(z + 1) = 2I'(z),
(6.2) implies that
e f(z+2p)  F(z+2p)

rﬂf(z) = F) Rez > 2p + 2s. (6.3)

Eq. (6.3) combined with [13, Lemma 6] gives us that there exists a constant ¢ such that
r—/s—%f(z) =cF(z), Rez>2p+ 2s. (6.4)

For a choice of p =2, s =1 and m = 6, and again using the identity I'(z + 1) = 2I'(z), one

can see that
4(z—2) 11
F = ——= 2 —
(2) z(z —4) [z+zf4

.

Since 1(z) = i 7“/_\4(2:) = -1 we have

— ~

r=5f(z) = ¢[1(z) —|—r/_\4(z)], Rez > 6.

Now the preceding equation and Remark 2.3 imply that f(r) = ¢(r% 4 r), where ¢ is a constant.
It is clear that the function f is bounded, so Toeplitz operator Tis s is bounded.
By taking the constant ¢ to be equal to 1, the radial function f(r) = 75 + r satisfies

TezqzeTGTew(rerr) (Zk) = TeiG(T5+T)Te2i6T6 (Zk), VEk > 0.

Forn=2p=2s=1,p+s=3>n=2, we have

9 16
T€2i9T6Tei6(r5+,’n) (z) = ?022, TeiG(T5+T)T82i9T6 (z) = %227
2
TQZiGTGTeiG(r5+r) (22) = 3—2, Teie(rs+r)Te2i9T6 (22) = EZ

(0] 10
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Therefore, the rank of [T,zio,e, Tpio(s4p] is equal to two on b3. For n = 4, p = 2, s = 1,

p+s=3<n=4, we have
= 9 16
TeZiSTGTeiG(TS_i_T)(Z) = ?022, TeiG(T.S_;'_T.)TeZiETG (Z) = %22,

32 3

2\ — ) 0 o(F2) =
TeQieTGTeie(rs+,’,)(z ) = 752, Teze(T5+T)Tezzero(Z )= 10Z,

16

_ 16
Te2i9r5Tei9(r5+r) (2’3) = ﬁ’
4 16_ 9

Te2i9T6Tei6(T5+T)(Z ) = gz = TeiQ(T5+T)Te2i6TG (Z ),

Teie(rs_,_T)Temere (23) = 105’

so the rank of [T,zie,6, Toio(y54,] is equal to three on b3.

63,.—2

Example 6.2 We give an example of Theorem 4.2.
5T 3—25—1—1757“2,1/):7“6,]):1,s=25uchthat

Similarly to Example 6.1, there exist ¢ =
T.—2i6,6 (Zk) = TefzrieraTewkp(Zk), k> 2.

Ty,
For n = 2, we have

192_ 256 _
TeiQSDTe—ZiQTG(].) S gz,Te—QiGTGTEiGLP(].) = T5 y

128 96

Teie(pTE—QiQTG (Z) = E,Te—msreTem@(Z) = %’

512

==z

TeiepTe—2i9T6 (Z) =0,T,-2i0,6 Teiew(f) 5

TeiewTe—%OTG (52) =0= TefmersTew@(EQ),

then the rank of [T,i,, T,-2i0,6(2")] is equal to 3 =n + p on b3.

For n = 3, we have
192 256
Tei9¢Te—2i9r6(1) = gf, Te—2i9T6Tei9Lp(1) = T5§,
128 96
TeiewTefmera (Z) = E7Te*2i9r6Teiecp(Z) = %’
512
TeiewTe—2i9T6 (E) = O,Te—2i9T6Tei0¢(E) = Tsfz,
16
=z

Teisze—2i9T6 (52) =0, TefmzeraTeie(p(EQ)

TeiSLPTe—%OTG (?3) =0= TefmersTeiew(f?’),

so the rank of [Ty, T,-2i0,6(2")] is equal to 4 = n + p on b3.

Example 6.3 We give an example about Theorem 5.1.
As we construct Example 6.1, let ¢ = r, ¢ = r% p = 1, s = 1. By the proof the Theorem

5.1, we know that
Toi0,.T 0,6 (Zk) = T,2i0,7 (zk), k> 0.
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Forn=1,p+s=2>n=1, we have

2
Toio,Toi0,6 (5) = §Z, T.2i0,7(Z) = z,

11
which means that the rank of (T,is,., T,io,] is equal to 1 =n on b3.
Forn=3,p+s=2<n=23, we know that

4
T.0,.Tpi0,6(Z) = §Z,T621‘,9T7 (z) = ﬁz,
—2 2 —2
TeierTeiSTG (Z ) =TT = Te2i6T7 (Z ),
11
. 8 s
TeiérTeiBTG (Z ) = EZ = T62i9T7 (Z ),

so the rank of (T,ie,., Toi6,¢] is equal to 1 = p+ s — 1.

Example 6.4 We give an example about Theorem 5.2. As we construct Example 6.1, let ¢ = r°,

=12 p=1, s = 4. By the proof of Theorem 5.2, we know that
T8i6T5Te—4i9r12 (Zk) = Tef3z'9r17(zk), k > 4.

Forn =2, s —p =3 >n =2, by direct calculation, we have

Ty Tomsiogia(1) = 0, Tysir (1) = 255
TiopsT,—si0,12(2) = %EQ,Te—&‘,OTN(Z) = %52,
TiopsT,—1i0,12 (22) = 35, Tefgieru(zz) = 12,

15 5

TewTsTe—uele (23) = i,Te—SiGTN(ZS) = i,

18 11

ToiopsT,—1i0,12 (E) =0="T,-3i6,17 (5),
ToiopsT,—1io,12 (32) =0="T,-si0,17 (?2),

so the rank of (T,ie,s, T, 1i0,12] is equal to 4 = s at b3.

Forn=4, s —p=3 <n=4, we have

4
Tei6T5Te—4i9T12(1) = O,Te—sz‘erw(l) = ﬁ?‘)”
2 3
Tei9r5Te_4779T12 (Z) = §225T6_37767‘17(Z) = EEZa
T,i0,5Tp—ai (22)—32T ; (z2)—12
et p5 L g—4i64.12 - 15 y L e—3i0,17 - 5 3
T io 5T —4i0 12 (ZB) = i T —3i6 17(2;3) = i
eifrsle r 187 e 11
5
T.iopsT,—1i6,12 (5) = 0,T873i9r17(§) = 554,

ToiopsT,—1i0,12 (52) =0="T,-3i0,17 (32),

TeiopsT,—1ie,12 (53) =0="T,-3i0,17 (53),

185
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T,i0p5T,—1i0,12 (54) =0="T,-3i0,17 (24)7
then the rank of (T,i0,5,T,—1is,12] is equal to 5 = p +n at b3.
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